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Giorgos Stathopoulos, Member, IEEE, and Colin N. Jones, Member, IEEE.
Abstract
We introduce a reduced-communication distributed optimization scheme based on estimating the solution to a
proximal minimization problem. Our proposed setup involves a group of agents coordinated by a central entity,
altogether operating in a collaborative framework. The agents solve proximal minimization problems that are hidden
from the central coordinator. The scheme enables the coordinator to construct a convex set within which the agents’
optimizers reside, and to iteratively refine the set every time that an agent is queried. We analyze the quality of the
constructed sets by showing their connections to the -subdifferential of a convex function and characterize their
size. We prove convergence results related to the solution of such distributed optimization problems and we devise
a communication criterion that embeds the proposed scheme in the Alternating Direction Method of Multipliers
(ADMM). The developed scheme demonstrates significant communication reduction when applied to a microgrid
setting.
Index Terms
Distributed optimization, Network optimization, ADMM, proximal operator, Moreau envelope, -subdifferential
I. INTRODUCTION
The presence of a population of independent agents with a global coordinator, along with the fact that certain data
is supposed to remain private to the agents, call for distributed optimization schemes. Methods like the Proximal
Gradient Method (PGM), the Alternating Direction Method of Multipliers (ADMM) and several others are suitable
for these problems (see [1] and the references therein).
In the majority of these schemes, the local subproblems that need to be solved are cast as proximal minimization
problems, a term used to describe optimization problems that are regularized by the addition of a properly scaled
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quadratic term in their objective [2]. In the course of the execution, the agents need to communicate the solutions
to the proximal minimization subproblems to the coordinator, who will, in turn, manipulate the agents’ objectives
by broadcasting incentives that skew their local policies toward the global target.
In such multi-agent frameworks, extensive communication might be undesirable for a variety of reasons. Such
reasons involve the existence of delays due to a weak network, the fact that the agents might run on energy-limited
resources which are drained rapidly with frequent activations, or speeding up computation by skipping insignificant
agent updates. It would, therefore, be useful if the coordinator could ‘guess’ the optimizers of its agents and base
the selection of the agent to update on the satisfaction of some criterion.
This work is an extension of [3], where a reduced communication framework for distributed optimization problems
has been proposed. This is achieved by estimating a convex set containing the solution of a proximal minimization
problem. Construction of the set is based on the theory of the Moreau envelope function and its important connections
with the proximal operator. The structural properties of the Moreau envelope allow the coordinator to bound the
set of all possible optimizers to a convex set, explicitly described as the intersection of ellipsoids and iteratively
refined every time that a communication round occurs. Subsequently, the coordinator can make a guess regarding
the solution of the agent’s optimizer by choosing a value from the constructed set and spare a communication round
provided that the guess is adequately good.
In this work we further analyze the properties of the constructed ellipsoidal sets that contain the unknown solution
of the proximal problem. We show that the sets can be recovered as limiting cases of -subdifferential sets associated
to functions that upper bound the Moreau envelope function and that they are optimal with respect to the tightest
upper bound of the (unknown) Moreau envelope. We model the effect incurred by the lack of communication as an
error in the solution of the optimization problem. By analyzing this result in the context of fixed-point iterations with
errors, we prove asymptotic convergence of the sequence to an optimizer. In addition, we devise a communication
test for ADMM that enables adoption of the proposed framework, and that significantly extends the applicability of
the approach in comparison to [3], where only the projected gradient method was considered.
The manuscript is organized as follows: The related work is cited in Section II, while the notation is explained
in Section III. In Section IV we define the problem we are interested in solving and give an overview of the
proposed solution approach. In Section V we provide a step-by-step construction of the set where the solution lies.
We show how it is related to the -subdifferential set of a quadratic upper bound to the envelope function and prove
that it is optimal with respect to some metric. We also propose an approximation of the set that can be used for
computations. In Section VI we couple the proposed scheme to ADMM and devise a certification test that decides
when the gradient set should be updated, namely when a communication round should be triggered. Subsequently,
convergence results are proven in Section VII. Finally, in Section VIII we provide evidence about the performance
of the proposed scheme by solving a load sharing problem for microgrids.
II. RELATED WORK
A comprehensive theory of the Moreau envelope function can be found in [4], while the algorithmic aspects of the
proximal iteration and its gradient descent interpretation are analyzed in [5]. In our proposed scheme, the convex set
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within which the possible optimizers reside can be essentially constructed by making use of a fundamental gradient
inequality as will be shown in Section V. Interestingly, a similar line of thinking has been followed in [6] in order
to compute the exact worst-case performance of fixed-step first-order methods for unconstrained optimization of
smooth convex functions. We are not aware of other works that seek to ‘learn’ the solutions to proximal minimization
problems, or, in fact, to any other optimization problem. In the context of communication avoidance in distributed
optimization, the work [7] proposes a scheme for reducing communication rounds for a stochastic version of the
iterative soft thresholding algorithm. In a similar but rather more generic manner, the authors in [8] propose a
communication-efficient distributed-optimization framework for large-scale machine learning applications.
III. NOTATION
Consider an (extended-real-valued) closed proper convex function f : Rn 7→ R∪{+∞}. Adopting the definitions
from [9], we denote the effective domain of f by dom (f), where
dom (f) = {x ∈ Rn | f(x) < +∞} ,
and its epigraph by epi (f). The epigraph is the subset of Rn+1 given by
epi (f) = {(x, s) | x ∈ Rn, s ∈ R, f(x) ≤ s} .
The subdifferential of f at a point x is denoted by ∂f(x).
The proximal operator prox γf : Rn 7→ Rn evaluated at z is denoted as prox γf (z) = argmin
x
{
f(x) + (1/(2γ))‖x− z‖2},
γ > 0. The indicator function of a closed convex set Z is denoted as
δ(z | Z) =
 0 z ∈ Z∞ otherwise.
When f = δ(· | Z), prox γf (z) = PZ(z), where PZ denotes the projection of z onto the set Z .
Another useful operator is the reflection operator, denoted as refl γf : Rn 7→ Rn and defined as refl γf =
2 prox γf − I , where I is the identity matrix.
Finally, we denote the convex conjugate of f by the function
f?(λ) = sup
x∈Rn
{〈x, λ〉 − f(x)} , λ ∈ Rn.
IV. PROBLEM DESCRIPTION
A. The problem
Consider an optimization problem involving N agents and a coordinator that takes the form
minimize h(x) +
N∑
i=1
fi(xi) , (1)
where fi : Rni 7→ R ∪ {+∞}, i = 1, . . . , N are arbitrary closed proper convex functions, private to the
corresponding agents, and h : Rn 7→ R ∪ {+∞}, n = ∑Ni=1 ni, is the convex objective of the coordinator.
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In distributed optimization settings like the one above, the population of agents and the coordinator cooperate
so as to solve problem (1). In order to achieve this, it is often the case that a decomposition method is applied,
e.g., the Proximal Gradient Method, ADMM etc. Since certain agents’ data is supposed to remain private in several
settings, each agent iteratively solves a proximal minimization problem of the form
prox γfi(z
k
i ) = argmin
xi∈Rni
{
fi(xi) +
1
2γ
‖xi − zki ‖2
}
. (2)
During the execution of the employed decomposition algorithm, a sequence of points {zki }k∈N at which the proximal
minimization problem is solved is generated by the coordinator. These points correspond to the coordinator’s
intervention in order to steer the agents toward the minimizer of the (global) objective h. The response vector
prox γfi(z
k
i ) is then transmitted from the agent to the coordinator. Such iterative schemes can be seen as querying
mechanisms, where the coordinator broadcasts some value {zki } and the agent responds with another.
In setups where communication is expensive, the coordinator would like to avoid excessive querying of the agents,
especially if the elicited information is not of importance. Our goal is to estimate, to the best possible accuracy,
the optimizer of (2) for a given (arbitrary) sequence {zki }k∈N, without having to solve the optimization, namely
we want to ‘guess’ the solution of a (local) proximal minimization problem from the coordinator’s perspective, i.e.,
without knowledge of the funtction fi.
B. The approach
Focusing on just one agent for the purpose of the analysis, we rewrite the proximal minimization problem as
prox γf (z) = argmin
x∈Rn
{
f(x) +
1
2γ
‖x− z‖2
}
. (3)
We will try to introduce some structure in (3) so as to estimate it. The value function of (3) is also known as the
Moreau envelope of f , defined as
fγ(z) = min
x∈Rn
{
f(x) +
1
2γ
‖x− z‖2
}
. (4)
When f is a closed proper convex function, the Moreau envelope is convex and differentiable, with Lipschitz
continuous gradient with constant 1/γ. Moreover, the set of minima of f and of fγ coincide. A discussion about
the envelope and its properties can be found in [10, Section 5.1]. It is also shown in [10, Proposition 5.1.7] that
the unique solution to the proximal minimization xγ(z) = proxγf (z) can be written as
xγ(z) = z − γ∇fγ(z) , (5)
i.e., it is the point at which the gradient iteration of fγ , evaluated at z, lands.
It is evident from (5) that, given an arbitrary point z, the gradient ∇fγ(z) is all that is needed in order to
reconstruct the optimizer of (3). Therefore, the coordinator aims at constructing a set of possible gradients at z and
a way to evaluate the worst case gradient (how far away the estimate can be from the actual gradient) contained
in the set.
Our approach is to construct such a set and to continually refine it (shrink it) every time that an exchange occurs
between the coordinator and the agent, namely every time that (3) is solved for a point z. We are going to refer to
July 10, 2018 DRAFT
JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 5
points at which the problem is actually solved, as query points. The coordinator’s goal is to estimate the solution
of (3) at a point of interest by using the solution at previous query points.
Assume the existence of a number of generated query points zj , j ∈ J . In what follows, we proceed to construct
a set that contains the gradient ∇fγ(v) at the point of interest v in six distinct steps described below.
1) We first devise a family of (local) nested sets that all contain ∇fγ(v). Each family is centered around its
corresponding query point zj .
2) We show that the family of sets can be represented by a convex inequality.
3) We find the smallest set in the family for each query point zj .
4) We devise a (global) set within which ∇fγ(v) resides by taking the intersection of the smallest sets for all
zi’s.
5) We derive the relation between the global set and the tightest known function that upper bounds fγ(v).
6) We derive an approximation of the global set that can be used for numerical computations.
V. ESTIMATING THE SOLUTION TO A PROXIMAL MINIMIZATION PROBLEM
a) Quadratic upper bound: Since we want to locate the unknown gradient ∇fγ(v) in a set, what comes to
mind is a notion of subdifferential of some function at v. The function we are about to use is a quadratic upper
bound on the Moreau envelope, implied by the Lipschitz gradient property of fγ .
Proposition 1: The Moreau envelope fγ admits a quadratic upper bound in terms of the linear approximation
of fγ based on the gradient at any v ∈ Rn, i.e.,
f
γ
(z; v) = fγ(v) + 〈∇fγ(v), z − v〉+ 1
2γ
‖z − v‖22, z, v ∈ Rn , (6)
(see, e.g., [10, Section 6.1]).
The quadratic upper bounding function (6) will enable us to compute the desired set. Consider a query point,
namely z1. We will carry out the remaining analysis for the case that only one query point has been generated, while
the point of interest will be z = v. The point z1 is associated to the quadratic approximation f
γ
(z; z1) that upper
bounds fγ . Looking at Figure 1b, we observe that the point (v, fγ(v)) lies below the epigraph of f
γ
(z; z1), while
the blue lines are the tangent hyperplanes of epi (f
γ
(z; z1)) at v. This brings up the notion of the -subdifferential
set ( [10, Section 3.3]), the definition of which is given below:
Definition 1 (-subgradient): Given a proper convex function f : Rn 7→ R ∪ {+∞} and a scalar  > 0, we say
that a vector g is an -subgradient of f at x ∈ dom(f) if
f(z) ≥ f(x) + 〈g, z − x〉 − , ∀z ∈ Rn .
The -subdifferential is the set of all -subgradients of f at x, i.e.,
∂f(x) := {g | f(z) ≥ f(x) + 〈g, z − x〉 − , ∀z ∈ Rn} .
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<latexit sha1_base64=" 92ZzyQwDvvd1OYWdZgLRgpUfsJ8=">AAAIVnicrVXdj hs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7 rZTZRp4ZZ9as/2R7smksvwNPwy08BrwM4ngyUTOegIT ESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/ 4HHx7d+ejcyFoX5KyQTOqXOTaEUUHOLLWMvFSaYJ4z8 iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m 5I4r67NFJJkEdNnNL/yqrMOf4ZPNos0jv3l0cHU8n0+ ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pw YgfZbUhChdXuCJzWArMiblwTVIejQEp0VJq+IVFDbpv 4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmM iiq7ckrUtJFddVNEg7mKYVVJTe8nvw0oZUkMxZAl5d1 TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2w OtthSEMQa4hFY5F6TJjvctCcg6ZiZ1436V54edQkqZd CszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAt YJCukWPV0DRgJlZY/71I8DeuIx7riVPhtilK5THPUYg eUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0Q sK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm2iDy3D2L vQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4n VIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSbsGvv2 KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQ XlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZuelWS Ja2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi /cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKwcLX MhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xb kl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3V NSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwD uaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf 8OhvonEVKA==</latexit><latexit sha1_base64=" 92ZzyQwDvvd1OYWdZgLRgpUfsJ8=">AAAIVnicrVXdj hs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7 rZTZRp4ZZ9as/2R7smksvwNPwy08BrwM4ngyUTOegIT ESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/ 4HHx7d+ejcyFoX5KyQTOqXOTaEUUHOLLWMvFSaYJ4z8 iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m 5I4r67NFJJkEdNnNL/yqrMOf4ZPNos0jv3l0cHU8n0+ ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pw YgfZbUhChdXuCJzWArMiblwTVIejQEp0VJq+IVFDbpv 4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmM iiq7ckrUtJFddVNEg7mKYVVJTe8nvw0oZUkMxZAl5d1 TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2w OtthSEMQa4hFY5F6TJjvctCcg6ZiZ1436V54edQkqZd CszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAt YJCukWPV0DRgJlZY/71I8DeuIx7riVPhtilK5THPUYg eUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0Q sK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm2iDy3D2L vQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4n VIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSbsGvv2 KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQ XlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZuelWS Ja2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi /cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKwcLX MhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xb kl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3V NSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwD uaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf 8OhvonEVKA==</latexit><latexit sha1_base64=" 92ZzyQwDvvd1OYWdZgLRgpUfsJ8=">AAAIVnicrVXdj hs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7 rZTZRp4ZZ9as/2R7smksvwNPwy08BrwM4ngyUTOegIT ESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/ 4HHx7d+ejcyFoX5KyQTOqXOTaEUUHOLLWMvFSaYJ4z8 iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m 5I4r67NFJJkEdNnNL/yqrMOf4ZPNos0jv3l0cHU8n0+ ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pw YgfZbUhChdXuCJzWArMiblwTVIejQEp0VJq+IVFDbpv 4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmM iiq7ckrUtJFddVNEg7mKYVVJTe8nvw0oZUkMxZAl5d1 TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2w OtthSEMQa4hFY5F6TJjvctCcg6ZiZ1436V54edQkqZd CszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAt YJCukWPV0DRgJlZY/71I8DeuIx7riVPhtilK5THPUYg eUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0Q sK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm2iDy3D2L vQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4n VIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSbsGvv2 KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQ XlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZuelWS Ja2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi /cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKwcLX MhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xb kl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3V NSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwD uaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf 8OhvonEVKA==</latexit><latexit sha1_base64=" 92ZzyQwDvvd1OYWdZgLRgpUfsJ8=">AAAIVnicrVXdj hs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7 rZTZRp4ZZ9as/2R7smksvwNPwy08BrwM4ngyUTOegIT ESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/ 4HHx7d+ejcyFoX5KyQTOqXOTaEUUHOLLWMvFSaYJ4z8 iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m 5I4r67NFJJkEdNnNL/yqrMOf4ZPNos0jv3l0cHU8n0+ ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pw YgfZbUhChdXuCJzWArMiblwTVIejQEp0VJq+IVFDbpv 4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmM iiq7ckrUtJFddVNEg7mKYVVJTe8nvw0oZUkMxZAl5d1 TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2w OtthSEMQa4hFY5F6TJjvctCcg6ZiZ1436V54edQkqZd CszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAt YJCukWPV0DRgJlZY/71I8DeuIx7riVPhtilK5THPUYg eUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0Q sK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm2iDy3D2L vQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4n VIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSbsGvv2 KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQ XlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZuelWS Ja2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi /cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKwcLX MhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xb kl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3V NSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwD uaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf 8OhvonEVKA==</latexit>
epi (f  (z))
<latexit sha1_base64=" S0YWgmn8uIeLpRvmaNq972ZzPqE=">AAAGtXiclVRLa xRBEB5fq8ZX1KMHG+NCFF12A8GDCIIe9uAjiolCZl16 ZmonbfpFd0+yphlv/hqv+mP8N1bvTjDTEwQHBor6vup 6V6Y5s244/H3m7LnzF3oXL11euXL12vUbqzdv7VhVmR y2c8WV+ZRRC5xJ2HbMcfikDVCRcfiY7b8I+McDMJYp+ cF91TARtJRsxnLqUDVdvXs/FdTtGeFBszp9uj777NO SCkHr9aMHD+5PV9eGg+HiI11h1AhrSfNtTW9e+JYWKq 8ESJdzau3uaKjdxFPjWM6hXkkrC5rm+7SEXRQlFWAnf pFJTfqoKchMGfylIwvtSQtPhbVfRYbMELaNsaA8FctE y7PPRWZYuefa8XwYTXxwDDJv0x3MXa6Ebms1C+S2jvJ SGeb2xCOUtIUKi6EKzLvFCnZWQ+RlXkm2JLe03M2dof jCSv9UTyw/vaqPigOmbVPg+bLCGIaEQ0xFUFn41Lrap yE5T+zADeq6DYu83sWSLEYkp9yvjWJGwWh5/MRCjnBt 1JdjfCvIEU5NKZisly6U9qkRpNGdwqTzLhN1XZ8nedm MLDQRCzBunzJHYFBi4oS0YQYNzAYQ6rLSJ0zOmGQOSM FwusNKUU6UBkOdMrZtjjvIbRNElvn3sXdJXWX+4m9i/ AidIZwpXoR5V9wfxZR5h9LJsepQqpjiTMjTKR0D46P6 b+PH9fTkM6QTzNj+g51ahn2KTfhh7fnnjak/vkCHdUz JBTX7dZgyWfpNHL5+VIIWvtnBse9ZSK+p8lZNlo1+C XiaDLxG9dumfw99ekCxFjv0fdi0tIAZrbgLizqD0Cyw /jXVGj09w2l+HCYao7XgLJU20HZjeOLHwA8A7x4lb6A C8qq5OGhkFEb4X1b9YCaUVMHKo0BzFd20xYbjxR7F97 kr7GwMRsPB6N3G2vNhc7svJXeSe8l6MkqeJM+TcbKVb Cd58j35kfxMfvWe9Ca9ojdbUs+eaWxuJ62vp/4Az8Rz YA==</latexit><latexit sha1_base64=" S0YWgmn8uIeLpRvmaNq972ZzPqE=">AAAGtXiclVRLa xRBEB5fq8ZX1KMHG+NCFF12A8GDCIIe9uAjiolCZl16 ZmonbfpFd0+yphlv/hqv+mP8N1bvTjDTEwQHBor6vup 6V6Y5s244/H3m7LnzF3oXL11euXL12vUbqzdv7VhVmR y2c8WV+ZRRC5xJ2HbMcfikDVCRcfiY7b8I+McDMJYp+ cF91TARtJRsxnLqUDVdvXs/FdTtGeFBszp9uj777NO SCkHr9aMHD+5PV9eGg+HiI11h1AhrSfNtTW9e+JYWKq 8ESJdzau3uaKjdxFPjWM6hXkkrC5rm+7SEXRQlFWAnf pFJTfqoKchMGfylIwvtSQtPhbVfRYbMELaNsaA8FctE y7PPRWZYuefa8XwYTXxwDDJv0x3MXa6Ebms1C+S2jvJ SGeb2xCOUtIUKi6EKzLvFCnZWQ+RlXkm2JLe03M2dof jCSv9UTyw/vaqPigOmbVPg+bLCGIaEQ0xFUFn41Lrap yE5T+zADeq6DYu83sWSLEYkp9yvjWJGwWh5/MRCjnBt 1JdjfCvIEU5NKZisly6U9qkRpNGdwqTzLhN1XZ8nedm MLDQRCzBunzJHYFBi4oS0YQYNzAYQ6rLSJ0zOmGQOSM FwusNKUU6UBkOdMrZtjjvIbRNElvn3sXdJXWX+4m9i/ AidIZwpXoR5V9wfxZR5h9LJsepQqpjiTMjTKR0D46P6 b+PH9fTkM6QTzNj+g51ahn2KTfhh7fnnjak/vkCHdUz JBTX7dZgyWfpNHL5+VIIWvtnBse9ZSK+p8lZNlo1+C XiaDLxG9dumfw99ekCxFjv0fdi0tIAZrbgLizqD0Cyw /jXVGj09w2l+HCYao7XgLJU20HZjeOLHwA8A7x4lb6A C8qq5OGhkFEb4X1b9YCaUVMHKo0BzFd20xYbjxR7F97 kr7GwMRsPB6N3G2vNhc7svJXeSe8l6MkqeJM+TcbKVb Cd58j35kfxMfvWe9Ca9ojdbUs+eaWxuJ62vp/4Az8Rz YA==</latexit><latexit sha1_base64=" S0YWgmn8uIeLpRvmaNq972ZzPqE=">AAAGtXiclVRLa xRBEB5fq8ZX1KMHG+NCFF12A8GDCIIe9uAjiolCZl16 ZmonbfpFd0+yphlv/hqv+mP8N1bvTjDTEwQHBor6vup 6V6Y5s244/H3m7LnzF3oXL11euXL12vUbqzdv7VhVmR y2c8WV+ZRRC5xJ2HbMcfikDVCRcfiY7b8I+McDMJYp+ cF91TARtJRsxnLqUDVdvXs/FdTtGeFBszp9uj777NO SCkHr9aMHD+5PV9eGg+HiI11h1AhrSfNtTW9e+JYWKq 8ESJdzau3uaKjdxFPjWM6hXkkrC5rm+7SEXRQlFWAnf pFJTfqoKchMGfylIwvtSQtPhbVfRYbMELaNsaA8FctE y7PPRWZYuefa8XwYTXxwDDJv0x3MXa6Ebms1C+S2jvJ SGeb2xCOUtIUKi6EKzLvFCnZWQ+RlXkm2JLe03M2dof jCSv9UTyw/vaqPigOmbVPg+bLCGIaEQ0xFUFn41Lrap yE5T+zADeq6DYu83sWSLEYkp9yvjWJGwWh5/MRCjnBt 1JdjfCvIEU5NKZisly6U9qkRpNGdwqTzLhN1XZ8nedm MLDQRCzBunzJHYFBi4oS0YQYNzAYQ6rLSJ0zOmGQOSM FwusNKUU6UBkOdMrZtjjvIbRNElvn3sXdJXWX+4m9i/ AidIZwpXoR5V9wfxZR5h9LJsepQqpjiTMjTKR0D46P6 b+PH9fTkM6QTzNj+g51ahn2KTfhh7fnnjak/vkCHdUz JBTX7dZgyWfpNHL5+VIIWvtnBse9ZSK+p8lZNlo1+C XiaDLxG9dumfw99ekCxFjv0fdi0tIAZrbgLizqD0Cyw /jXVGj09w2l+HCYao7XgLJU20HZjeOLHwA8A7x4lb6A C8qq5OGhkFEb4X1b9YCaUVMHKo0BzFd20xYbjxR7F97 kr7GwMRsPB6N3G2vNhc7svJXeSe8l6MkqeJM+TcbKVb Cd58j35kfxMfvWe9Ca9ojdbUs+eaWxuJ62vp/4Az8Rz YA==</latexit><latexit sha1_base64=" S0YWgmn8uIeLpRvmaNq972ZzPqE=">AAAGtXiclVRLa xRBEB5fq8ZX1KMHG+NCFF12A8GDCIIe9uAjiolCZl16 ZmonbfpFd0+yphlv/hqv+mP8N1bvTjDTEwQHBor6vup 6V6Y5s244/H3m7LnzF3oXL11euXL12vUbqzdv7VhVmR y2c8WV+ZRRC5xJ2HbMcfikDVCRcfiY7b8I+McDMJYp+ cF91TARtJRsxnLqUDVdvXs/FdTtGeFBszp9uj777NO SCkHr9aMHD+5PV9eGg+HiI11h1AhrSfNtTW9e+JYWKq 8ESJdzau3uaKjdxFPjWM6hXkkrC5rm+7SEXRQlFWAnf pFJTfqoKchMGfylIwvtSQtPhbVfRYbMELaNsaA8FctE y7PPRWZYuefa8XwYTXxwDDJv0x3MXa6Ebms1C+S2jvJ SGeb2xCOUtIUKi6EKzLvFCnZWQ+RlXkm2JLe03M2dof jCSv9UTyw/vaqPigOmbVPg+bLCGIaEQ0xFUFn41Lrap yE5T+zADeq6DYu83sWSLEYkp9yvjWJGwWh5/MRCjnBt 1JdjfCvIEU5NKZisly6U9qkRpNGdwqTzLhN1XZ8nedm MLDQRCzBunzJHYFBi4oS0YQYNzAYQ6rLSJ0zOmGQOSM FwusNKUU6UBkOdMrZtjjvIbRNElvn3sXdJXWX+4m9i/ AidIZwpXoR5V9wfxZR5h9LJsepQqpjiTMjTKR0D46P6 b+PH9fTkM6QTzNj+g51ahn2KTfhh7fnnjak/vkCHdUz JBTX7dZgyWfpNHL5+VIIWvtnBse9ZSK+p8lZNlo1+C XiaDLxG9dumfw99ekCxFjv0fdi0tIAZrbgLizqD0Cyw /jXVGj09w2l+HCYao7XgLJU20HZjeOLHwA8A7x4lb6A C8qq5OGhkFEb4X1b9YCaUVMHKo0BzFd20xYbjxR7F97 kr7GwMRsPB6N3G2vNhc7svJXeSe8l6MkqeJM+TcbKVb Cd58j35kfxMfvWe9Ca9ojdbUs+eaWxuJ62vp/4Az8Rz YA==</latexit>
(v , f
 
(v ; z1)  ✏)
<latexit sha1_base64=" WEApfKJ0hR0qV5pVfptwmpxjpIM=">AAAIU3icrVVfj 9tEEHevhUsDpdeWN15WnCKu6BrFFVWlVkiV4CFItByl d60Up9HanviW23/aXefSrPwR+DS8wsfggc/CC7OJT43 tgISEJUur+f1mZ+a3s7Op5sy60ejPa3vXb3zw4X7vZv +jj299cvvgzt0zq0qTwWmmuDJvUmqBMwmnjjkOb7QBK lIOr9OLbwL+egHGMiVfuXcapoIWks1ZRh2aZgdfHC2 OE4WMsIGfV2+TggpBjxZPV7P4/oMEtGVcyfuzg8PRcL T+SHcR14vDqP5OZnf2P01ylZUCpMs4tXYSj7Sbemocy zhU/aS0oGl2QQuY4FJSAXbq1xVVZICWnMyVwV86srZu e3gqrH0nUmQK6s5tGwvGnVgqGpF9JlLDinPXzOdVPPU hMMisSXewdJkSumnVLJCbNsoLZZg7F8e40hZKFEPlWH eDFfyshlaUZSnZhtywcrd0huIO/cHOSCzbrepxvmDa1 gIvNwpjGhIusRRBZe4T6yqfhOI8sUM3rKomLLJqgpIk Qc+Mcn8Ytxk5owVuoTQY6pQJwTxZG9tEJbo8tLVooFm HFmwtWqbkosNbG1tEbdTPVyWehHULp6YQTFabEpX2iR Gktu1g0mWXibZuzG1eOidrS7tS1M0nzBEYFig8IU2YQ Q2zIYRz6Q8Ik3MmmQPUF29XuNqUkysJbNMdZwG3dRJp 6l+2o0vqSvMef9HGVxgM4VTxPNw3xf2qTVl2KJ0ayw6 lbFOcCXU6pdvAeFW9b7xxNdvehnSSGdt/YSeW4Tm1X fhl5fnbh7ONnxH+suq0maDmogpdLgv/CJt/0JKggT/q 4HjuaSivVvmkIpuD/hZwNBp4juYf6vP70icLilqc0Zf hpic5zGnJXRgUcwiHBdY/p1pjpK+xmx+EjsZsLThLpQ 20SRue+jHwBeDcpeQFlEC+ryceOhmFGf4nr0FwE0qq4 OVxQTPVmqn1hOknOJq2ZfhO6tLZ9SgZ9G8mPzmKTby+ k+ncb8An1RWwJMm5xS0BFdkacUzm+KJUiaYmVcsJphk n4e26ZDmOfGx4WhSQr2c6wTHVr3ZkwRyjnK3gHzO5Iv z/2eA7Grdfze7i7OEwHg3jH786fDaqX9Re9Fn0eXQUx dHj6Fk0jk6i0yiLfol+jX6Lft//Y/+v3l7vxoa6d632 uRc1vt6tvwGtMRN5</latexit><latexit sha1_base64=" WEApfKJ0hR0qV5pVfptwmpxjpIM=">AAAIU3icrVVfj 9tEEHevhUsDpdeWN15WnCKu6BrFFVWlVkiV4CFItByl d60Up9HanviW23/aXefSrPwR+DS8wsfggc/CC7OJT43 tgISEJUur+f1mZ+a3s7Op5sy60ejPa3vXb3zw4X7vZv +jj299cvvgzt0zq0qTwWmmuDJvUmqBMwmnjjkOb7QBK lIOr9OLbwL+egHGMiVfuXcapoIWks1ZRh2aZgdfHC2 OE4WMsIGfV2+TggpBjxZPV7P4/oMEtGVcyfuzg8PRcL T+SHcR14vDqP5OZnf2P01ylZUCpMs4tXYSj7Sbemocy zhU/aS0oGl2QQuY4FJSAXbq1xVVZICWnMyVwV86srZu e3gqrH0nUmQK6s5tGwvGnVgqGpF9JlLDinPXzOdVPPU hMMisSXewdJkSumnVLJCbNsoLZZg7F8e40hZKFEPlWH eDFfyshlaUZSnZhtywcrd0huIO/cHOSCzbrepxvmDa1 gIvNwpjGhIusRRBZe4T6yqfhOI8sUM3rKomLLJqgpIk Qc+Mcn8Ytxk5owVuoTQY6pQJwTxZG9tEJbo8tLVooFm HFmwtWqbkosNbG1tEbdTPVyWehHULp6YQTFabEpX2iR Gktu1g0mWXibZuzG1eOidrS7tS1M0nzBEYFig8IU2YQ Q2zIYRz6Q8Ik3MmmQPUF29XuNqUkysJbNMdZwG3dRJp 6l+2o0vqSvMef9HGVxgM4VTxPNw3xf2qTVl2KJ0ayw6 lbFOcCXU6pdvAeFW9b7xxNdvehnSSGdt/YSeW4Tm1X fhl5fnbh7ONnxH+suq0maDmogpdLgv/CJt/0JKggT/q 4HjuaSivVvmkIpuD/hZwNBp4juYf6vP70icLilqc0Zf hpic5zGnJXRgUcwiHBdY/p1pjpK+xmx+EjsZsLThLpQ 20SRue+jHwBeDcpeQFlEC+ryceOhmFGf4nr0FwE0qq4 OVxQTPVmqn1hOknOJq2ZfhO6tLZ9SgZ9G8mPzmKTby+ k+ncb8An1RWwJMm5xS0BFdkacUzm+KJUiaYmVcsJphk n4e26ZDmOfGx4WhSQr2c6wTHVr3ZkwRyjnK3gHzO5Iv z/2eA7Grdfze7i7OEwHg3jH786fDaqX9Re9Fn0eXQUx dHj6Fk0jk6i0yiLfol+jX6Lft//Y/+v3l7vxoa6d632 uRc1vt6tvwGtMRN5</latexit><latexit sha1_base64=" WEApfKJ0hR0qV5pVfptwmpxjpIM=">AAAIU3icrVVfj 9tEEHevhUsDpdeWN15WnCKu6BrFFVWlVkiV4CFItByl d60Up9HanviW23/aXefSrPwR+DS8wsfggc/CC7OJT43 tgISEJUur+f1mZ+a3s7Op5sy60ejPa3vXb3zw4X7vZv +jj299cvvgzt0zq0qTwWmmuDJvUmqBMwmnjjkOb7QBK lIOr9OLbwL+egHGMiVfuXcapoIWks1ZRh2aZgdfHC2 OE4WMsIGfV2+TggpBjxZPV7P4/oMEtGVcyfuzg8PRcL T+SHcR14vDqP5OZnf2P01ylZUCpMs4tXYSj7Sbemocy zhU/aS0oGl2QQuY4FJSAXbq1xVVZICWnMyVwV86srZu e3gqrH0nUmQK6s5tGwvGnVgqGpF9JlLDinPXzOdVPPU hMMisSXewdJkSumnVLJCbNsoLZZg7F8e40hZKFEPlWH eDFfyshlaUZSnZhtywcrd0huIO/cHOSCzbrepxvmDa1 gIvNwpjGhIusRRBZe4T6yqfhOI8sUM3rKomLLJqgpIk Qc+Mcn8Ytxk5owVuoTQY6pQJwTxZG9tEJbo8tLVooFm HFmwtWqbkosNbG1tEbdTPVyWehHULp6YQTFabEpX2iR Gktu1g0mWXibZuzG1eOidrS7tS1M0nzBEYFig8IU2YQ Q2zIYRz6Q8Ik3MmmQPUF29XuNqUkysJbNMdZwG3dRJp 6l+2o0vqSvMef9HGVxgM4VTxPNw3xf2qTVl2KJ0ayw6 lbFOcCXU6pdvAeFW9b7xxNdvehnSSGdt/YSeW4Tm1X fhl5fnbh7ONnxH+suq0maDmogpdLgv/CJt/0JKggT/q 4HjuaSivVvmkIpuD/hZwNBp4juYf6vP70icLilqc0Zf hpic5zGnJXRgUcwiHBdY/p1pjpK+xmx+EjsZsLThLpQ 20SRue+jHwBeDcpeQFlEC+ryceOhmFGf4nr0FwE0qq4 OVxQTPVmqn1hOknOJq2ZfhO6tLZ9SgZ9G8mPzmKTby+ k+ncb8An1RWwJMm5xS0BFdkacUzm+KJUiaYmVcsJphk n4e26ZDmOfGx4WhSQr2c6wTHVr3ZkwRyjnK3gHzO5Iv z/2eA7Grdfze7i7OEwHg3jH786fDaqX9Re9Fn0eXQUx dHj6Fk0jk6i0yiLfol+jX6Lft//Y/+v3l7vxoa6d632 uRc1vt6tvwGtMRN5</latexit><latexit sha1_base64=" WEApfKJ0hR0qV5pVfptwmpxjpIM=">AAAIU3icrVVfj 9tEEHevhUsDpdeWN15WnCKu6BrFFVWlVkiV4CFItByl d60Up9HanviW23/aXefSrPwR+DS8wsfggc/CC7OJT43 tgISEJUur+f1mZ+a3s7Op5sy60ejPa3vXb3zw4X7vZv +jj299cvvgzt0zq0qTwWmmuDJvUmqBMwmnjjkOb7QBK lIOr9OLbwL+egHGMiVfuXcapoIWks1ZRh2aZgdfHC2 OE4WMsIGfV2+TggpBjxZPV7P4/oMEtGVcyfuzg8PRcL T+SHcR14vDqP5OZnf2P01ylZUCpMs4tXYSj7Sbemocy zhU/aS0oGl2QQuY4FJSAXbq1xVVZICWnMyVwV86srZu e3gqrH0nUmQK6s5tGwvGnVgqGpF9JlLDinPXzOdVPPU hMMisSXewdJkSumnVLJCbNsoLZZg7F8e40hZKFEPlWH eDFfyshlaUZSnZhtywcrd0huIO/cHOSCzbrepxvmDa1 gIvNwpjGhIusRRBZe4T6yqfhOI8sUM3rKomLLJqgpIk Qc+Mcn8Ytxk5owVuoTQY6pQJwTxZG9tEJbo8tLVooFm HFmwtWqbkosNbG1tEbdTPVyWehHULp6YQTFabEpX2iR Gktu1g0mWXibZuzG1eOidrS7tS1M0nzBEYFig8IU2YQ Q2zIYRz6Q8Ik3MmmQPUF29XuNqUkysJbNMdZwG3dRJp 6l+2o0vqSvMef9HGVxgM4VTxPNw3xf2qTVl2KJ0ayw6 lbFOcCXU6pdvAeFW9b7xxNdvehnSSGdt/YSeW4Tm1X fhl5fnbh7ONnxH+suq0maDmogpdLgv/CJt/0JKggT/q 4HjuaSivVvmkIpuD/hZwNBp4juYf6vP70icLilqc0Zf hpic5zGnJXRgUcwiHBdY/p1pjpK+xmx+EjsZsLThLpQ 20SRue+jHwBeDcpeQFlEC+ryceOhmFGf4nr0FwE0qq4 OVxQTPVmqn1hOknOJq2ZfhO6tLZ9SgZ9G8mPzmKTby+ k+ncb8An1RWwJMm5xS0BFdkacUzm+KJUiaYmVcsJphk n4e26ZDmOfGx4WhSQr2c6wTHVr3ZkwRyjnK3gHzO5Iv z/2eA7Grdfze7i7OEwHg3jH786fDaqX9Re9Fn0eXQUx dHj6Fk0jk6i0yiLfol+jX6Lft//Y/+v3l7vxoa6d632 uRc1vt6tvwGtMRN5</latexit>
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(a) An -subdifferential set represented as a cone.
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✏⇤(v ; z1)
<latexit sha1_base64="8L6m8OrXdi8q7Fb6v0Zdww cgVrw=">AAAGqniclVRLbxNJEB5ehg0sBHZve2ltsMSiYHkiEAe0EtLuwQce2YgEkMdYPTNlp0m/1N3jGLdmfwtX +Ef8G6rtQWR6IiRGGqlU31dd78o1Z9YNh18uXLx0+Urv6rVftq7f+PXmre3bd46sqkwBh4XiyrzJqQXOJBw65ji 80QaoyDm8zk/+CfjrBRjLlHzlPmiYCDqXbMYK6lA13f49A20ZV/JdRq27t3iymqZ/Tbd3hoPh+iNdIW2EnaT59qe 3r/yflaqoBEhXcGrtOB1qN/HUOFZwqLeyyoKmxQmdwxhFSQXYiV+HX5M+akoyUwZ/6chae9bCU2HtB5EjU1B3bG MsKM/FctHy7AuRGzY/du14XqUTHxyDLNp0B0tXKKHbWs0Cua2jfK4Mc8diFyVtocJiqBLzbrGCndUQeVlWkm3ILS 13S2covrDVP9cTK86v6m65YNo2BV5uKoxhSDjFVASVpc+sq30WkvPEDtygrtuwKOoxliQL9Swo9ztpzCgZnX97Y i1HuDbq/Td8P8gRTs1cMFlvXCjtMyNIozuHSZddJuq6Ps/y8hlZayIWYNw+Y47AYI6JE9KGGTQwG0Coy1afMDljk jkgJcPpDntEOVEaDHXK2LY5Lh63TRB57g9i75K6ynzHX8T4Cp0hnCtehnlX3K9iyrJD6eRYdShVTHEm5OmUjoHR qv7e+FE9PfsM6QQzsj9gZ5Zhn2ITflp7/m5vurEzwp/WMaUQ1JzUYcrk3D/C4etHJWjhjzo49j0P6TVV3q/JptH/ Ap4mA89R/bLp332fLSjW4ogehE3LSpjRiruwqDMIzQLrn1Ot0dPfOM0PwkRjtBacpdIG2jiGJ34EfAF49yh5ARW QZ83FQSOjMMKfsuoHM6GkClYeBVqo6KatNxwvdhrf565wtDdIh4P0v4c7T+82t/ta8kfyZ3IvSZPHydNklOwnh0 mRrJKPyafkc2+3d9B72xtvqBcvNDa/Ja2vV34FEYRvGw==</latexit><latexit sha1_base64="8L6m8OrXdi8q7Fb6v0Zdww cgVrw=">AAAGqniclVRLbxNJEB5ehg0sBHZve2ltsMSiYHkiEAe0EtLuwQce2YgEkMdYPTNlp0m/1N3jGLdmfwtX +Ef8G6rtQWR6IiRGGqlU31dd78o1Z9YNh18uXLx0+Urv6rVftq7f+PXmre3bd46sqkwBh4XiyrzJqQXOJBw65ji 80QaoyDm8zk/+CfjrBRjLlHzlPmiYCDqXbMYK6lA13f49A20ZV/JdRq27t3iymqZ/Tbd3hoPh+iNdIW2EnaT59qe 3r/yflaqoBEhXcGrtOB1qN/HUOFZwqLeyyoKmxQmdwxhFSQXYiV+HX5M+akoyUwZ/6chae9bCU2HtB5EjU1B3bG MsKM/FctHy7AuRGzY/du14XqUTHxyDLNp0B0tXKKHbWs0Cua2jfK4Mc8diFyVtocJiqBLzbrGCndUQeVlWkm3ILS 13S2covrDVP9cTK86v6m65YNo2BV5uKoxhSDjFVASVpc+sq30WkvPEDtygrtuwKOoxliQL9Swo9ztpzCgZnX97Y i1HuDbq/Td8P8gRTs1cMFlvXCjtMyNIozuHSZddJuq6Ps/y8hlZayIWYNw+Y47AYI6JE9KGGTQwG0Coy1afMDljk jkgJcPpDntEOVEaDHXK2LY5Lh63TRB57g9i75K6ynzHX8T4Cp0hnCtehnlX3K9iyrJD6eRYdShVTHEm5OmUjoHR qv7e+FE9PfsM6QQzsj9gZ5Zhn2ITflp7/m5vurEzwp/WMaUQ1JzUYcrk3D/C4etHJWjhjzo49j0P6TVV3q/JptH/ Ap4mA89R/bLp332fLSjW4ogehE3LSpjRiruwqDMIzQLrn1Ot0dPfOM0PwkRjtBacpdIG2jiGJ34EfAF49yh5ARW QZ83FQSOjMMKfsuoHM6GkClYeBVqo6KatNxwvdhrf565wtDdIh4P0v4c7T+82t/ta8kfyZ3IvSZPHydNklOwnh0 mRrJKPyafkc2+3d9B72xtvqBcvNDa/Ja2vV34FEYRvGw==</latexit><latexit sha1_base64="8L6m8OrXdi8q7Fb6v0Zdww cgVrw=">AAAGqniclVRLbxNJEB5ehg0sBHZve2ltsMSiYHkiEAe0EtLuwQce2YgEkMdYPTNlp0m/1N3jGLdmfwtX +Ef8G6rtQWR6IiRGGqlU31dd78o1Z9YNh18uXLx0+Urv6rVftq7f+PXmre3bd46sqkwBh4XiyrzJqQXOJBw65ji 80QaoyDm8zk/+CfjrBRjLlHzlPmiYCDqXbMYK6lA13f49A20ZV/JdRq27t3iymqZ/Tbd3hoPh+iNdIW2EnaT59qe 3r/yflaqoBEhXcGrtOB1qN/HUOFZwqLeyyoKmxQmdwxhFSQXYiV+HX5M+akoyUwZ/6chae9bCU2HtB5EjU1B3bG MsKM/FctHy7AuRGzY/du14XqUTHxyDLNp0B0tXKKHbWs0Cua2jfK4Mc8diFyVtocJiqBLzbrGCndUQeVlWkm3ILS 13S2covrDVP9cTK86v6m65YNo2BV5uKoxhSDjFVASVpc+sq30WkvPEDtygrtuwKOoxliQL9Swo9ztpzCgZnX97Y i1HuDbq/Td8P8gRTs1cMFlvXCjtMyNIozuHSZddJuq6Ps/y8hlZayIWYNw+Y47AYI6JE9KGGTQwG0Coy1afMDljk jkgJcPpDntEOVEaDHXK2LY5Lh63TRB57g9i75K6ynzHX8T4Cp0hnCtehnlX3K9iyrJD6eRYdShVTHEm5OmUjoHR qv7e+FE9PfsM6QQzsj9gZ5Zhn2ITflp7/m5vurEzwp/WMaUQ1JzUYcrk3D/C4etHJWjhjzo49j0P6TVV3q/JptH/ Ap4mA89R/bLp332fLSjW4ogehE3LSpjRiruwqDMIzQLrn1Ot0dPfOM0PwkRjtBacpdIG2jiGJ34EfAF49yh5ARW QZ83FQSOjMMKfsuoHM6GkClYeBVqo6KatNxwvdhrf565wtDdIh4P0v4c7T+82t/ta8kfyZ3IvSZPHydNklOwnh0 mRrJKPyafkc2+3d9B72xtvqBcvNDa/Ja2vV34FEYRvGw==</latexit><latexit sha1_base64="8L6m8OrXdi8q7Fb6v0Zdww cgVrw=">AAAGqniclVRLbxNJEB5ehg0sBHZve2ltsMSiYHkiEAe0EtLuwQce2YgEkMdYPTNlp0m/1N3jGLdmfwtX +Ef8G6rtQWR6IiRGGqlU31dd78o1Z9YNh18uXLx0+Urv6rVftq7f+PXmre3bd46sqkwBh4XiyrzJqQXOJBw65ji 80QaoyDm8zk/+CfjrBRjLlHzlPmiYCDqXbMYK6lA13f49A20ZV/JdRq27t3iymqZ/Tbd3hoPh+iNdIW2EnaT59qe 3r/yflaqoBEhXcGrtOB1qN/HUOFZwqLeyyoKmxQmdwxhFSQXYiV+HX5M+akoyUwZ/6chae9bCU2HtB5EjU1B3bG MsKM/FctHy7AuRGzY/du14XqUTHxyDLNp0B0tXKKHbWs0Cua2jfK4Mc8diFyVtocJiqBLzbrGCndUQeVlWkm3ILS 13S2covrDVP9cTK86v6m65YNo2BV5uKoxhSDjFVASVpc+sq30WkvPEDtygrtuwKOoxliQL9Swo9ztpzCgZnX97Y i1HuDbq/Td8P8gRTs1cMFlvXCjtMyNIozuHSZddJuq6Ps/y8hlZayIWYNw+Y47AYI6JE9KGGTQwG0Coy1afMDljk jkgJcPpDntEOVEaDHXK2LY5Lh63TRB57g9i75K6ynzHX8T4Cp0hnCtehnlX3K9iyrJD6eRYdShVTHEm5OmUjoHR qv7e+FE9PfsM6QQzsj9gZ5Zhn2ITflp7/m5vurEzwp/WMaUQ1JzUYcrk3D/C4etHJWjhjzo49j0P6TVV3q/JptH/ Ap4mA89R/bLp332fLSjW4ogehE3LSpjRiruwqDMIzQLrn1Ot0dPfOM0PwkRjtBacpdIG2jiGJ34EfAF49yh5ARW QZ83FQSOjMMKfsuoHM6GkClYeBVqo6KatNxwvdhrf565wtDdIh4P0v4c7T+82t/ta8kfyZ3IvSZPHydNklOwnh0 mRrJKPyafkc2+3d9B72xtvqBcvNDa/Ja2vV34FEYRvGw==</latexit>
epi (f
 
(z ; z1))
<latexit sha1_base64="92ZzyQwDvvd1OYWdZgLRgp UfsJ8=">AAAIVnicrVXdjhs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7rZTZRp4ZZ9as/2R7smksvwNP wy08BrwM4ngyUTOegITESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/4HHx7d+ejcyFoX5KyQTOqXOTa EUUHOLLWMvFSaYJ4z8iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m5I4r67NFJJkEdNnNL/yqrMOf4ZPN os0jv3l0cHU8n0+ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pwYgfZbUhChdXuCJzWArMiblwTVIejQ Ep0VJq+IVFDbpv4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmMiiq7ckrUtJFddVNEg7mKYVVJTe8nvw0 oZUkMxZAl5d1TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2wOtthSEMQa4hFY5F6TJjvctCcg6ZiZ143 6V54edQkqZdCszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAtYJCukWPV0DRgJlZY/71I8DeuIx7riVPhti lK5THPUYgeUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0QsK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm 2iDy3D2LvQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4nVIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSb sGvv2KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQXlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZu elWSJa2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi/cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKw cLXMhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xbkl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3 VNSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwDuaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf8OhvonEVKA==</latexit><latexit sha1_base64="92ZzyQwDvvd1OYWdZgLRgp UfsJ8=">AAAIVnicrVXdjhs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7rZTZRp4ZZ9as/2R7smksvwNP wy08BrwM4ngyUTOegITESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/4HHx7d+ejcyFoX5KyQTOqXOTa EUUHOLLWMvFSaYJ4z8iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m5I4r67NFJJkEdNnNL/yqrMOf4ZPN os0jv3l0cHU8n0+ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pwYgfZbUhChdXuCJzWArMiblwTVIejQ Ep0VJq+IVFDbpv4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmMiiq7ckrUtJFddVNEg7mKYVVJTe8nvw0 oZUkMxZAl5d1TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2wOtthSEMQa4hFY5F6TJjvctCcg6ZiZ143 6V54edQkqZdCszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAtYJCukWPV0DRgJlZY/71I8DeuIx7riVPhti lK5THPUYgeUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0QsK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm 2iDy3D2LvQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4nVIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSb sGvv2KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQXlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZu elWSJa2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi/cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKw cLXMhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xbkl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3 VNSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwDuaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf8OhvonEVKA==</latexit><latexit sha1_base64="92ZzyQwDvvd1OYWdZgLRgp UfsJ8=">AAAIVnicrVXdjhs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7rZTZRp4ZZ9as/2R7smksvwNP wy08BrwM4ngyUTOegITESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/4HHx7d+ejcyFoX5KyQTOqXOTa EUUHOLLWMvFSaYJ4z8iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m5I4r67NFJJkEdNnNL/yqrMOf4ZPN os0jv3l0cHU8n0+ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pwYgfZbUhChdXuCJzWArMiblwTVIejQ Ep0VJq+IVFDbpv4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmMiiq7ckrUtJFddVNEg7mKYVVJTe8nvw0 oZUkMxZAl5d1TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2wOtthSEMQa4hFY5F6TJjvctCcg6ZiZ143 6V54edQkqZdCszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAtYJCukWPV0DRgJlZY/71I8DeuIx7riVPhti lK5THPUYgeUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0QsK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm 2iDy3D2LvQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4nVIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSb sGvv2KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQXlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZu elWSJa2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi/cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKw cLXMhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xbkl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3 VNSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwDuaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf8OhvonEVKA==</latexit><latexit sha1_base64="92ZzyQwDvvd1OYWdZgLRgp UfsJ8=">AAAIVnicrVXdjhs1FJ4WStLwtwXuuLFYRdpWJcpUVEhUSJXgIki0LKW7rZTZRp4ZZ9as/2R7smksvwNP wy08BrwM4ngyUTOegITESCNZ3/cdnx8fH+eKUWOn0z9v3Hzr7VvvDIa3R+++9/4HHx7d+ejcyFoX5KyQTOqXOTa EUUHOLLWMvFSaYJ4z8iK/+ibwL1ZEGyrFc/takQuOK0GXtMAWoMXRvYxje6m5I4r67NFJJkEdNnNL/yqrMOf4ZPN os0jv3l0cHU8n0+ZD/UXaLo6T9jtd3Bl8kpWyqDkRtmDYmHk6VfbCYW1pwYgfZbUhChdXuCJzWArMiblwTVIejQ Ep0VJq+IVFDbpv4TA35jXPQRlSMDEXwINczjueXcFzTatL243neXrhgmMiiq7ckrUtJFddVNEg7mKYVVJTe8nvw0 oZUkMxZAl5d1TBzigSeVnXgm7FHZTZtdUYdhiND3qixeGq3i9XVJm2wOtthSEMQa4hFY5F6TJjvctCcg6ZiZ143 6V54edQkqZdCszccRorSoor2EIqorGVOjhzqAFjoeR9HWCRLHRkLAtYJCukWPV0DRgJlZY/71I8DeuIx7riVPhti lK5THPUYgeUeN1XAtb3ua/Ll6hB4kyhbi6jFpFJBYVHqEtT0tJ0QsK5jMaIiiUV1BKoL9yucLsxQ7sSmK45jANm 2iDy3D2LvQtsa/2GfxrzG3AGdC5ZGe6bZG4TS9Y9SS/HuiepY4nVIU8rVUzMNv5N4838Yn8b1AtmZv5FnRkK5xSb sGvv2KsHC7ebhte+12Yc6ysfulxU7iE0/zgqQYd/2OPh3POQXlvlU4+2B/0tgdGoyROAf2jP757LVhhqcY6fhZu elWSJa2bDoFiScFjEuCdYKfD0NXTz56GjIVpDrMHCBNk8pi/cjLAVgbmL0VNSE/R9O/HASEuI8D9ZjYMZl0IGKw cLXMhoprYTZpTBaNovw3dC1dY0o2Q8up39ZDE0cXMn86Xbkl/5HbFG2aWBLQlUZG/EUVHCi+IzhXUu13MIM83Ck3 VNSxj50PC4qkjZzHQEY2rkD0RBLcWMbsg/RrIT/P/RwDuaxq9mf3H+YJJOJ+mPXxw/nrYv6jD5NPksOUnS5Mvkc TJLTpOzpEh+SX5Nfkt+H/wx+Gt4azjYSm/eaG0+Tjrf8OhvonEVKA==</latexit>
epi (f  (z))
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(b) The smallest -subdifferential set.
Fig. 1: The epigraph of the envelope function fγ(z) and that of the quadratic upper bounding function f
γ
(z; z1)
are illustrated. For any point centered at v that lies  below the epigraph of f
γ
(z; z1), the -subdifferential set is
depicted as the normal cone of the set constructed by the tangent hyperplanes of epi (f
γ
(z; z1)), depicted with the
grey lines, at (v, f
γ
(v; z1)− ). The actual gradient ∇fγ(v) is contained in all ∂fγ(v; z1) for  ≥ ∗(v; z1). As 
is getting smaller, the subdifferential sets shrink, and converge to ∂∗(v;z1)f
γ
(v; z1), depicted by the normal cone
to the set illustrated by the blue lines in the right figure.
b) A family of local sets: The -subdifferential set provides us with a way to restrict the set within which the
actual gradient of the Moreau envelope at v, ∇fγ(v), resides.
In order to do so, we introduce the following parameterization:
∗(v; z1) = f
γ
(v; z1)− fγ(v) . (7)
Let us explain what equation (7) represents with the help of Figure 1a. For any  > 0 denoting the vertical
distance from f
γ
(v; z1) at v, we can draw the hyperplanes (grey lines) that are tangent to the epigraph of f
γ
(z; z1)
and generate an outer approximation of epi (f
γ
(z; z1)). Equation (7) defines the smallest -subdifferential set for
which we can show that the gradient ∇fγ(v) resides inside.
Proposition 2: The following statements characterize the set in which ∇fγ(v) is located.
1) The gradient of the Moreau envelope at a point v is contained in the ∗(v; z1)-subdifferential set of the upper-
bounding quadratic function f
γ
(z; z1) evaluated at v and constructed around the query point z1, i.e.,
∇fγ(v) ∈ ∂∗(v;z1)f
γ
(v; z1) .
2) The ∗(v; z1)-subdifferential set is nonempty, convex and compact.
Proof 1: The proof is deferred to Appendix A.
The proposition suggests the existence of a set that contains the gradient∇fγ(v) , namely the set ∂∗(v;z1)f
γ
(v; z1)
which describes a family of admissible slopes.
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c) Explicit representation of the local sets: We will, subsequently, construct ∂∗(v;z1)f
γ
(v; z1) in an explicit
way. To this end, we introduce the function
f
γ
z (d; z1) = f
γ
(z + d; z1)− fγ(z; z1), ∀d ∈ Rn
and its conjugate [11, Chapter 23]
(f
γ
z )
?(g; z1) = (f
γ
)?(g; z1) + f
γ
(z; z1)− 〈z, g〉 . (8)
The following Proposition holds.
Proposition 3: The -subdifferential set of f
γ
(z; z1), evaluated at z = v, is given by
∂f
γ
(v; z1) =
{
g | (fγv)?(g; z1) ≤ 
}
, (9)
for any  > 0.
Proposition 3 relates the -subdifferential of a function with the epigraph of its conjugate. More detailed discus-
sions can be found in [11, Chapter 23], [10, Section 6.7.1]. This equivalence allows us to construct the ∗(v; z1)-
subdifferential set described in Proposition 2 provided that (8) is computable. We prove below that this is indeed
the case.
Proposition 4: The set ∂f
γ
(v; z1) is given by
∂f
γ
(v; z1) =
{
g | (γ/2)‖g −∇fγ(z1)‖22
− 〈g −∇fγ(z1), v − z1〉
+ (1/2γ)‖z1 − v‖22 ≤ 
}
. (10)
Proof 2: The conjugate of (6) can be easily computed using the definition since the function is a convex quadratic.
The claim follows directly from computing it and substituting the result in (8).
d) The smallest local set: Propositions 2 and 4 tell us that the gradient ∇fγ(v) is contained within any of
the 2-norm balls associated to the query point z1 and described by (10). The radius of the balls varies with . A
question that naturally arises is related to the size of this set, namely, whether we can find the smallest set in the
family described by (10).
Proposition 5: Given a point v ∈ Rn and a distance  < ∗(v; z1), there exists a function f(x) with an associated
Moreau envelope fγ(z) and the corresponding local upper-bounding function f
γ
(v; z1) centered at some query point
z1, such that ∇fγ(v) /∈ ∂fγ(v; z1).
Proof 3: The proof can be found in Appendix B.
Proposition 5 states that plugging ∗(v; z1) in (10) results in the smallest set of the family containing ∇fγ(v) for
a general function f . The set can be written as
G(v; z1) := ∂∗(v;z1)f
γ
(v; z1)
=
{
g | γ2 ‖g −∇fγ(z1)‖22 − 〈g, v − z1〉 ≤ fγ(z1)− fγ(v)
}
. (11)
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e) A global gradient set: To recap, we showed that ∇fγ(v) is contained in the family of -subdifferential
sets ∂f
γ
(v; z1) constructed around v and associated to the query point z1 (Proposition 2), that these sets can be
explicitly described (Proposition 4) and that the smallest set of the family is recovered for the choice of  = ∗(v; z1)
from (7) (Proposition 5).
Making use of (11), the set of possible gradients of fγ at v can be described by
G(v) :=
⋂
j∈J
∂∗(v;zj)f
γ
(v; zj)
=
⋂
j∈J
{
g | γ2 ‖g −∇fγ(z1)‖22 − 〈g, v − z1〉 ≤
fγ(z1)− fγ(v)
}
, (12)
where J is a set of indices cooresponding to generated query points. As a consequence, the set of potential gradients
can be described as an intersection of a finite number of 2-norm balls. It also trivially holds that
⋂∞
j=1 G(v; zj) =
{∇fγ(v)}, i.e., upon complete construction of the envelope, the above intersection reduces to the singleton set
{∇fγ(v)}.
f) Relation to tightest upper bounding function: As a last step, we will derive the relation between G(v) and
the -subdifferential set associated to the tightest constructed upper bound of fγ at v.
To this end, we introduce the function corresponding to the convex hull of the generated upper bounding quadratics
f
γ
(z | J ) = conv{fγ(z; zj) | j ∈ J } . (13)
Note the abuse of notation in (13) since it actually describes a set and not a function. To define it properly, we
should write
f
γ
(z | J ) = inf∑
j∈J θjzj=z,
θj≥0,
∑
j∈J θj=1
∑
j∈J
θjf
γ
(z; zj) ,
according to [11, Theorem 5.6], however we will keep using (13) for simplicity.
The function is illustrated in Figure 2 for two scalar functions. The dependence on J demonstrates that the
function is refined (becomes tighter) with the generation of new query points. The following result holds:
Theorem 1: Given a number of generated query points {zj}, j ∈ J and v ∈ Rn,
G(v) = ∂∗(v|J )fγ(v | J ) ,
where ∗(v | J ) = fγ(v | J )− fγ(v).
Proof 4: The proof can be found in Appendix C.
g) An approximation of the global set: A problematic aspect of the global set G(v) when it comes to computing
it, is the dependence on the unknown quantity fγ(v) in (11). We want to drop this dependency by approximating
G(v) with another set, namely Gˆ(v).
To that end, we use the fundamental inequality (see, e.g., [10, Proposition 6.1.9])
fγ(z1)− fγ(v) ≤ −〈∇fγ(z1), v − z1〉 − γ2 ‖∇fγ(v)−∇fγ(z1)‖22.
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epi (f
 
(z ; z2))
<latexit sha1_base64="h3rZr h2Nw8zix3Jy4mZ0yRqb+qs=">AAAIVnicrVXdjhs1FJ4WStJQYAvcc WOxirStSpSsqJCokCrBRZBoWdrutlImjTwzzqxZ/8n2ZNNYfgeehl t4DHgZxPFkomY8AQmJkUayvu87Pj8+Ps4Uo8aOx3/euPnOu7fe6/V vD96/88GHHx3d/fjCyErn5DyXTOpXGTaEUUHOLbWMvFKaYJ4x8jK7+ jbwL1dEGyrFC/tGkTnHpaBLmmML0OLofsqxvdTcEUV9+ugklaAOm7 mlf52WmHN8snm0WZzeu7c4Oh6PxvWHuotJszhOmu9scbf3aVrIvOJ E2JxhY2aTsbJzh7WlOSN+kFaGKJxf4ZLMYCkwJ2bu6qQ8GgJSoKXU8 AuLanTfwmFuzBuegTKkYGIugAe5jLc8u5xnmpaXth3Pi8ncBcdE5G 25JWubS67aqKJB3MYwK6Wm9pI/gJUypIJiyALybqmCnVEk8rKuBN2 KWyiza6sx7DAYHvRE88NVfVCsqDJNgdfbCkMYglxDKhyLwqXGepeG5 BwyIzvyvk3z3M+gJHW75Ji540msKCguYQupiMZW6uDMoRqMhZJ3dY BFstCRsSxgkSyXYtXR1WAkVFr+vEvxLKwjHuuSU+G3KUrlUs1Rgx1Q 4nVXCVjX574uW6IaiTOFurmUWkRGJRQeoTZNSUPTEQnnMhgiKpZUU EugvnC7wu3GDO1KYNrmMA6YaYLIMvcs9i6wrfRb/mnMb8AZ0JlkRb hvkrlNLFl3JJ0cq46kiiVWhzytVDEx3fi3jTf1i/1tUCeYqfkXdWoo nFNswq69Y69PF243Da99p8041lc+dLko3UNo/mFUghb/sMPDuWchv abKZx5tD/o7AqNRkycA/9ic332XrjDU4gI/Czc9LcgSV8yGQbEk4b CIcU+wUuDpG+jmL0JHQ7SGWIOFCbJZTM/dlLAVgbmL0VNSEfRDM/HA SEuI8D9ZDYMZl0IGKwcLnMtopjYTZpDCaNovw/dCVdbUo2Q4uJ0+t xiauL6T2dJtya/9jlij9NLAlgQqsjfiqCjgRfGpwjqT6xmEOUnDk3V NCxj50PC4LElRz3QEY2rgD0RBLcWMbsg/RrIT/P/RwDs6iV/N7uLi dDQZjyY/fXn8eNy8qP3ks+Tz5CSZJF8lj5NpcpacJ3nyS/Jr8lvye ++P3l/9W/3eVnrzRmPzSdL6+kd/A6o6FSk=</latexit><latexit sha1_base64="h3rZr h2Nw8zix3Jy4mZ0yRqb+qs=">AAAIVnicrVXdjhs1FJ4WStJQYAvcc WOxirStSpSsqJCokCrBRZBoWdrutlImjTwzzqxZ/8n2ZNNYfgeehl t4DHgZxPFkomY8AQmJkUayvu87Pj8+Ps4Uo8aOx3/euPnOu7fe6/V vD96/88GHHx3d/fjCyErn5DyXTOpXGTaEUUHOLbWMvFKaYJ4x8jK7+ jbwL1dEGyrFC/tGkTnHpaBLmmML0OLofsqxvdTcEUV9+ugklaAOm7 mlf52WmHN8snm0WZzeu7c4Oh6PxvWHuotJszhOmu9scbf3aVrIvOJ E2JxhY2aTsbJzh7WlOSN+kFaGKJxf4ZLMYCkwJ2bu6qQ8GgJSoKXU8 AuLanTfwmFuzBuegTKkYGIugAe5jLc8u5xnmpaXth3Pi8ncBcdE5G 25JWubS67aqKJB3MYwK6Wm9pI/gJUypIJiyALybqmCnVEk8rKuBN2 KWyiza6sx7DAYHvRE88NVfVCsqDJNgdfbCkMYglxDKhyLwqXGepeG5 BwyIzvyvk3z3M+gJHW75Ji540msKCguYQupiMZW6uDMoRqMhZJ3dY BFstCRsSxgkSyXYtXR1WAkVFr+vEvxLKwjHuuSU+G3KUrlUs1Rgx1Q 4nVXCVjX574uW6IaiTOFurmUWkRGJRQeoTZNSUPTEQnnMhgiKpZUU EugvnC7wu3GDO1KYNrmMA6YaYLIMvcs9i6wrfRb/mnMb8AZ0JlkRb hvkrlNLFl3JJ0cq46kiiVWhzytVDEx3fi3jTf1i/1tUCeYqfkXdWoo nFNswq69Y69PF243Da99p8041lc+dLko3UNo/mFUghb/sMPDuWchv abKZx5tD/o7AqNRkycA/9ic332XrjDU4gI/Czc9LcgSV8yGQbEk4b CIcU+wUuDpG+jmL0JHQ7SGWIOFCbJZTM/dlLAVgbmL0VNSEfRDM/HA SEuI8D9ZDYMZl0IGKwcLnMtopjYTZpDCaNovw/dCVdbUo2Q4uJ0+t xiauL6T2dJtya/9jlij9NLAlgQqsjfiqCjgRfGpwjqT6xmEOUnDk3V NCxj50PC4LElRz3QEY2rgD0RBLcWMbsg/RrIT/P/RwDs6iV/N7uLi dDQZjyY/fXn8eNy8qP3ks+Tz5CSZJF8lj5NpcpacJ3nyS/Jr8lvye ++P3l/9W/3eVnrzRmPzSdL6+kd/A6o6FSk=</latexit><latexit sha1_base64="h3rZr h2Nw8zix3Jy4mZ0yRqb+qs=">AAAIVnicrVXdjhs1FJ4WStJQYAvcc WOxirStSpSsqJCokCrBRZBoWdrutlImjTwzzqxZ/8n2ZNNYfgeehl t4DHgZxPFkomY8AQmJkUayvu87Pj8+Ps4Uo8aOx3/euPnOu7fe6/V vD96/88GHHx3d/fjCyErn5DyXTOpXGTaEUUHOLbWMvFKaYJ4x8jK7+ jbwL1dEGyrFC/tGkTnHpaBLmmML0OLofsqxvdTcEUV9+ugklaAOm7 mlf52WmHN8snm0WZzeu7c4Oh6PxvWHuotJszhOmu9scbf3aVrIvOJ E2JxhY2aTsbJzh7WlOSN+kFaGKJxf4ZLMYCkwJ2bu6qQ8GgJSoKXU8 AuLanTfwmFuzBuegTKkYGIugAe5jLc8u5xnmpaXth3Pi8ncBcdE5G 25JWubS67aqKJB3MYwK6Wm9pI/gJUypIJiyALybqmCnVEk8rKuBN2 KWyiza6sx7DAYHvRE88NVfVCsqDJNgdfbCkMYglxDKhyLwqXGepeG5 BwyIzvyvk3z3M+gJHW75Ji540msKCguYQupiMZW6uDMoRqMhZJ3dY BFstCRsSxgkSyXYtXR1WAkVFr+vEvxLKwjHuuSU+G3KUrlUs1Rgx1Q 4nVXCVjX574uW6IaiTOFurmUWkRGJRQeoTZNSUPTEQnnMhgiKpZUU EugvnC7wu3GDO1KYNrmMA6YaYLIMvcs9i6wrfRb/mnMb8AZ0JlkRb hvkrlNLFl3JJ0cq46kiiVWhzytVDEx3fi3jTf1i/1tUCeYqfkXdWoo nFNswq69Y69PF243Da99p8041lc+dLko3UNo/mFUghb/sMPDuWchv abKZx5tD/o7AqNRkycA/9ic332XrjDU4gI/Czc9LcgSV8yGQbEk4b CIcU+wUuDpG+jmL0JHQ7SGWIOFCbJZTM/dlLAVgbmL0VNSEfRDM/HA SEuI8D9ZDYMZl0IGKwcLnMtopjYTZpDCaNovw/dCVdbUo2Q4uJ0+t xiauL6T2dJtya/9jlij9NLAlgQqsjfiqCjgRfGpwjqT6xmEOUnDk3V NCxj50PC4LElRz3QEY2rgD0RBLcWMbsg/RrIT/P/RwDs6iV/N7uLi dDQZjyY/fXn8eNy8qP3ks+Tz5CSZJF8lj5NpcpacJ3nyS/Jr8lvye ++P3l/9W/3eVnrzRmPzSdL6+kd/A6o6FSk=</latexit><latexit sha1_base64="h3rZr h2Nw8zix3Jy4mZ0yRqb+qs=">AAAIVnicrVXdjhs1FJ4WStJQYAvcc WOxirStSpSsqJCokCrBRZBoWdrutlImjTwzzqxZ/8n2ZNNYfgeehl t4DHgZxPFkomY8AQmJkUayvu87Pj8+Ps4Uo8aOx3/euPnOu7fe6/V vD96/88GHHx3d/fjCyErn5DyXTOpXGTaEUUHOLbWMvFKaYJ4x8jK7+ jbwL1dEGyrFC/tGkTnHpaBLmmML0OLofsqxvdTcEUV9+ugklaAOm7 mlf52WmHN8snm0WZzeu7c4Oh6PxvWHuotJszhOmu9scbf3aVrIvOJ E2JxhY2aTsbJzh7WlOSN+kFaGKJxf4ZLMYCkwJ2bu6qQ8GgJSoKXU8 AuLanTfwmFuzBuegTKkYGIugAe5jLc8u5xnmpaXth3Pi8ncBcdE5G 25JWubS67aqKJB3MYwK6Wm9pI/gJUypIJiyALybqmCnVEk8rKuBN2 KWyiza6sx7DAYHvRE88NVfVCsqDJNgdfbCkMYglxDKhyLwqXGepeG5 BwyIzvyvk3z3M+gJHW75Ji540msKCguYQupiMZW6uDMoRqMhZJ3dY BFstCRsSxgkSyXYtXR1WAkVFr+vEvxLKwjHuuSU+G3KUrlUs1Rgx1Q 4nVXCVjX574uW6IaiTOFurmUWkRGJRQeoTZNSUPTEQnnMhgiKpZUU EugvnC7wu3GDO1KYNrmMA6YaYLIMvcs9i6wrfRb/mnMb8AZ0JlkRb hvkrlNLFl3JJ0cq46kiiVWhzytVDEx3fi3jTf1i/1tUCeYqfkXdWoo nFNswq69Y69PF243Da99p8041lc+dLko3UNo/mFUghb/sMPDuWchv abKZx5tD/o7AqNRkycA/9ic332XrjDU4gI/Czc9LcgSV8yGQbEk4b CIcU+wUuDpG+jmL0JHQ7SGWIOFCbJZTM/dlLAVgbmL0VNSEfRDM/HA SEuI8D9ZDYMZl0IGKwcLnMtopjYTZpDCaNovw/dCVdbUo2Q4uJ0+t xiauL6T2dJtya/9jlij9NLAlgQqsjfiqCjgRfGpwjqT6xmEOUnDk3V NCxj50PC4LElRz3QEY2rgD0RBLcWMbsg/RrIT/P/RwDs6iV/N7uLi dDQZjyY/fXn8eNy8qP3ks+Tz5CSZJF8lj5NpcpacJ3nyS/Jr8lvye ++P3l/9W/3eVnrzRmPzSdL6+kd/A6o6FSk=</latexit>
epi (f  (z))
<latexit sha1_ base64="ydDFTIvefaRo9APVgv1 j5StDxz0=">AAAIR3icrVVbixs 3FJ5NL944vWyavuVFdDFsSmrs0B BoCQTaBxeadJNmNwGPYzQzx7PKj i5IGq9jMQ/9NX1tf0Z/Qn9F30o fezQeE4/GLRQ6MCC+7zs6Fx0dJa pgxo5Gvx9ce+fd997vHV7v3/jgw 48+Prr5ybmRpU7hLJWF1C8TaqB gAs4sswW8VBooTwp4kVx+4/kXS9 CGSfHcvlEw4zQXbMFSahGaH92OO bUXmjtQrIq/Plm8inPKOT1Z37k zPzoeDUf1R7qLcbM4jprvdH6z92 mcybTkIGxaUGOm45GyM0e1ZWkBV T8uDSiaXtIcprgUlIOZuTqLigw QychCavyFJTW6a+EoN+YNT1DpYz Yh58G9XMJbnl3KE83yC9uO5/l45 rxjEGlbbmFlU8lVG1XMi9sYLXK pmb3gd3GlDJRYDJlh3i2VtzMKAi +rUrCNuIUWdmU1xR36g72eWLq/q nezJVOmKfBqU2EMQ8AVpsKpyFxs bOVin5wjZmiHVdWmeVpNsSR1f6 S0cMfjUJExmuMWUoGmVmrvzJEaD IWSd3WIBTLfgqHMY4EslWLZ0dVg IFRavt6meOrXAU91zpmoNilK5W LNSYPtUdJVV4lY1+euLlmQGgkzx bq5mFkCwxwLT0ibZtDQbAj+XPoD wsSCCWYB64u3y19nWpBtCUzbHO 9/YZogksQ9C70Lakv9ln8S8mt0h nQii8zfN1m4dShZdSSdHMuOpAwl Vvs8rVQhMVlXbxtvUs13tyGdYC bmX9SxYXhOoUlxVbni1b25246/q 6rTZpzqy8p3ucjdfWz+QVCCFn+/ w+O5Jz69psqnFdkc9LeAo1HDY4 R/aM7vcxcvKdbinD7zNz3OYEHLw vpBsQB/WGDcY6oUenqI3fyF72iM 1oA1VBgvm4b0zE2gWALOXUqeQA nk+2bioZGWGOF/shp4My6F9FYOF zSVwUxtJkw/xtG0W4bvhCqtqUfJ oH89/tFSbOL6TiYLtyG/qrbEis QXBrcErMjOiGMiwxelihXViVxNM cxx7B+8K5bhyMeGp3kOWT3TCY6p frUnCmYZLdga/jGSreD/jwbf0XH 4anYX5/eG49Fw/PTL40ej5kU9j G5Hn0Un0Th6ED2KJtFpdBal0U/R z9Ev0a+933p/9P7s/bWRXjtobG5 Fre/w4G/13BCT</latexit><latexit sha1_ base64="ydDFTIvefaRo9APVgv1 j5StDxz0=">AAAIR3icrVVbixs 3FJ5NL944vWyavuVFdDFsSmrs0B BoCQTaBxeadJNmNwGPYzQzx7PKj i5IGq9jMQ/9NX1tf0Z/Qn9F30o fezQeE4/GLRQ6MCC+7zs6Fx0dJa pgxo5Gvx9ce+fd997vHV7v3/jgw 48+Prr5ybmRpU7hLJWF1C8TaqB gAs4sswW8VBooTwp4kVx+4/kXS9 CGSfHcvlEw4zQXbMFSahGaH92OO bUXmjtQrIq/Plm8inPKOT1Z37k zPzoeDUf1R7qLcbM4jprvdH6z92 mcybTkIGxaUGOm45GyM0e1ZWkBV T8uDSiaXtIcprgUlIOZuTqLigw QychCavyFJTW6a+EoN+YNT1DpYz Yh58G9XMJbnl3KE83yC9uO5/l45 rxjEGlbbmFlU8lVG1XMi9sYLXK pmb3gd3GlDJRYDJlh3i2VtzMKAi +rUrCNuIUWdmU1xR36g72eWLq/q nezJVOmKfBqU2EMQ8AVpsKpyFxs bOVin5wjZmiHVdWmeVpNsSR1f6 S0cMfjUJExmuMWUoGmVmrvzJEaD IWSd3WIBTLfgqHMY4EslWLZ0dVg IFRavt6meOrXAU91zpmoNilK5W LNSYPtUdJVV4lY1+euLlmQGgkzx bq5mFkCwxwLT0ibZtDQbAj+XPoD wsSCCWYB64u3y19nWpBtCUzbHO 9/YZogksQ9C70Lakv9ln8S8mt0h nQii8zfN1m4dShZdSSdHMuOpAwl Vvs8rVQhMVlXbxtvUs13tyGdYC bmX9SxYXhOoUlxVbni1b25246/q 6rTZpzqy8p3ucjdfWz+QVCCFn+/ w+O5Jz69psqnFdkc9LeAo1HDY4 R/aM7vcxcvKdbinD7zNz3OYEHLw vpBsQB/WGDcY6oUenqI3fyF72iM 1oA1VBgvm4b0zE2gWALOXUqeQA nk+2bioZGWGOF/shp4My6F9FYOF zSVwUxtJkw/xtG0W4bvhCqtqUfJ oH89/tFSbOL6TiYLtyG/qrbEis QXBrcErMjOiGMiwxelihXViVxNM cxx7B+8K5bhyMeGp3kOWT3TCY6p frUnCmYZLdga/jGSreD/jwbf0XH 4anYX5/eG49Fw/PTL40ej5kU9j G5Hn0Un0Th6ED2KJtFpdBal0U/R z9Ev0a+933p/9P7s/bWRXjtobG5 Fre/w4G/13BCT</latexit><latexit sha1_ base64="ydDFTIvefaRo9APVgv1 j5StDxz0=">AAAIR3icrVVbixs 3FJ5NL944vWyavuVFdDFsSmrs0B BoCQTaBxeadJNmNwGPYzQzx7PKj i5IGq9jMQ/9NX1tf0Z/Qn9F30o fezQeE4/GLRQ6MCC+7zs6Fx0dJa pgxo5Gvx9ce+fd997vHV7v3/jgw 48+Prr5ybmRpU7hLJWF1C8TaqB gAs4sswW8VBooTwp4kVx+4/kXS9 CGSfHcvlEw4zQXbMFSahGaH92OO bUXmjtQrIq/Plm8inPKOT1Z37k zPzoeDUf1R7qLcbM4jprvdH6z92 mcybTkIGxaUGOm45GyM0e1ZWkBV T8uDSiaXtIcprgUlIOZuTqLigw QychCavyFJTW6a+EoN+YNT1DpYz Yh58G9XMJbnl3KE83yC9uO5/l45 rxjEGlbbmFlU8lVG1XMi9sYLXK pmb3gd3GlDJRYDJlh3i2VtzMKAi +rUrCNuIUWdmU1xR36g72eWLq/q nezJVOmKfBqU2EMQ8AVpsKpyFxs bOVin5wjZmiHVdWmeVpNsSR1f6 S0cMfjUJExmuMWUoGmVmrvzJEaD IWSd3WIBTLfgqHMY4EslWLZ0dVg IFRavt6meOrXAU91zpmoNilK5W LNSYPtUdJVV4lY1+euLlmQGgkzx bq5mFkCwxwLT0ibZtDQbAj+XPoD wsSCCWYB64u3y19nWpBtCUzbHO 9/YZogksQ9C70Lakv9ln8S8mt0h nQii8zfN1m4dShZdSSdHMuOpAwl Vvs8rVQhMVlXbxtvUs13tyGdYC bmX9SxYXhOoUlxVbni1b25246/q 6rTZpzqy8p3ucjdfWz+QVCCFn+/ w+O5Jz69psqnFdkc9LeAo1HDY4 R/aM7vcxcvKdbinD7zNz3OYEHLw vpBsQB/WGDcY6oUenqI3fyF72iM 1oA1VBgvm4b0zE2gWALOXUqeQA nk+2bioZGWGOF/shp4My6F9FYOF zSVwUxtJkw/xtG0W4bvhCqtqUfJ oH89/tFSbOL6TiYLtyG/qrbEis QXBrcErMjOiGMiwxelihXViVxNM cxx7B+8K5bhyMeGp3kOWT3TCY6p frUnCmYZLdga/jGSreD/jwbf0XH 4anYX5/eG49Fw/PTL40ej5kU9j G5Hn0Un0Th6ED2KJtFpdBal0U/R z9Ev0a+933p/9P7s/bWRXjtobG5 Fre/w4G/13BCT</latexit><latexit sha1_ base64="ydDFTIvefaRo9APVgv1 j5StDxz0=">AAAIR3icrVVbixs 3FJ5NL944vWyavuVFdDFsSmrs0B BoCQTaBxeadJNmNwGPYzQzx7PKj i5IGq9jMQ/9NX1tf0Z/Qn9F30o fezQeE4/GLRQ6MCC+7zs6Fx0dJa pgxo5Gvx9ce+fd997vHV7v3/jgw 48+Prr5ybmRpU7hLJWF1C8TaqB gAs4sswW8VBooTwp4kVx+4/kXS9 CGSfHcvlEw4zQXbMFSahGaH92OO bUXmjtQrIq/Plm8inPKOT1Z37k zPzoeDUf1R7qLcbM4jprvdH6z92 mcybTkIGxaUGOm45GyM0e1ZWkBV T8uDSiaXtIcprgUlIOZuTqLigw QychCavyFJTW6a+EoN+YNT1DpYz Yh58G9XMJbnl3KE83yC9uO5/l45 rxjEGlbbmFlU8lVG1XMi9sYLXK pmb3gd3GlDJRYDJlh3i2VtzMKAi +rUrCNuIUWdmU1xR36g72eWLq/q nezJVOmKfBqU2EMQ8AVpsKpyFxs bOVin5wjZmiHVdWmeVpNsSR1f6 S0cMfjUJExmuMWUoGmVmrvzJEaD IWSd3WIBTLfgqHMY4EslWLZ0dVg IFRavt6meOrXAU91zpmoNilK5W LNSYPtUdJVV4lY1+euLlmQGgkzx bq5mFkCwxwLT0ibZtDQbAj+XPoD wsSCCWYB64u3y19nWpBtCUzbHO 9/YZogksQ9C70Lakv9ln8S8mt0h nQii8zfN1m4dShZdSSdHMuOpAwl Vvs8rVQhMVlXbxtvUs13tyGdYC bmX9SxYXhOoUlxVbni1b25246/q 6rTZpzqy8p3ucjdfWz+QVCCFn+/ w+O5Jz69psqnFdkc9LeAo1HDY4 R/aM7vcxcvKdbinD7zNz3OYEHLw vpBsQB/WGDcY6oUenqI3fyF72iM 1oA1VBgvm4b0zE2gWALOXUqeQA nk+2bioZGWGOF/shp4My6F9FYOF zSVwUxtJkw/xtG0W4bvhCqtqUfJ oH89/tFSbOL6TiYLtyG/qrbEis QXBrcErMjOiGMiwxelihXViVxNM cxx7B+8K5bhyMeGp3kOWT3TCY6p frUnCmYZLdga/jGSreD/jwbf0XH 4anYX5/eG49Fw/PTL40ej5kU9j G5Hn0Un0Th6ED2KJtFpdBal0U/R z9Ev0a+933p/9P7s/bWRXjtobG5 Fre/w4G/13BCT</latexit>
vz2 z1 z
(rf  (v), 1)
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  (v | J )
Fig. 2: Assuming two query points z1 and z2, ∇fγ(v) can be located in the intersection of the two normal cones,
which is sketched in purple color. In addition, the function f
γ
(z | J ) = conv{fγ(z; z1), fγ(z; z2)} is drawn in
deep red color. It is evident that the normal cone corresponding to the intersection of the two sets (left) is identical
to the set ∂∗(v|J )f
γ
(v | J ) on the right.
Using the inequality above in the right-hand side of (11) leaves us, still, with another unknown quantity, i.e.,
∇fγ(v). A reasonable thought would be to replace ∇fγ(v) with g and look for a g ≈ ∇fγ(v) that satisfies the
above inequality. By doing so, we end up with the inequality
Gˆ(v; z1) := {g | γ‖g −∇fγ(z1)‖22 − 〈g −∇fγ(z1), v − z1〉 ≤ 0}. (14)
Interestingly, (14) is the necessary condition for convexity and Lipschitz continuity of the gradient of fγ , the so-
called co-coercivity property of the gradient, applied to the pair of points (z1, v). As such, the set Gˆ(v; z1) is a
valid approximation of (11) in the sense that it contains the unknown gradient ∇fγ(v). In addition, it does not
depend on any unknown quantities. The (approximate) global set is given by
Gˆ(v) =
⋂
j∈J
Gˆ(v; zj) .
Remark 1: We cannot say anything about the relative size of the sets Gˆ(v) and G(v). As a matter of fact, we
can devise examples that show that no set is strictly contained in the other. Therefore, we simply use Gˆ(v) in the
computations since we can explicitly compute it.
VI. COMMUNICATION
Let us now move back to the original distributed setting.
In [3] we considered a special case of (1), namely when fi(xi) = δ(xi | Xi) and h is differentiable with L-
Lipschitz continuous gradient. In this particular setting, (1) can be solved using the Projected Gradient Method.
Although useful in many cases, the projected gradient method’s applicability is limited to problems where the
objective is minimized in the intersection of a number of convex sets. In this work we consider the more general
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case of solving (1) when h is not necessarily differentiable and fi encapsulates a convex objective restricted within
some convex set. The Alternating Direction Method of Multipliers (ADMM) is a widely applicable and resilient
method to consider for such problems.
The method comprises the iterations:
xk+1 = argmin
x∈Rn
{
h(x) + (ρ/2)‖x− yk + (1/ρ)λk‖2}
x˜k+1 = ηkxk+1 + (1− ηk)yk
yk+1i = argmin
yi∈Rni
{
fi(yi) + (ρ/2)‖yi − x˜k+1i − (1/ρ)λki ‖2
}
λk+1 = λk + ρ(x˜k+1 − yk+1) ,
(15)
ρ > 0 and ηk ∈ (0, 2) a relaxation parameter. The splitting described in (15) is achieved by introducing a copy y = x
and the associated dual variables λ. Observe that the y-minimization step constitutes local proximal minimization
problems of the form
yk+1i = prox 1ρ fi(x˜
k+1
i + (1/ρ)λ
k
i︸ ︷︷ ︸
vki
)
= vki − γ∇fγi (vki ), γ = 1/ρ . (16)
Our purpose is to solve (1) using (15) while minimizing communication between the coordinator and the agents.
With this purpose in mind, we use the theory developed in the previous section to build sets in order to locate
the solutions of the resulting proximal minimization problems that are repetitively solved in every iteration of the
algorithm. Let us denote with Gˆi(vi; zi,j), i = 1, . . . , N the set given by (14), associated to agent i. The coordinator
can keep in its memory a set Gˆi(vi) :=
⋂
j∈Ji Gˆi(vi; zi,j), Ji being the number of queries generated up to the current
algorithmic iteration, for every agent i = 1, . . . , N . The set is updated whenever a communication round occurs.
With every query point, Gˆi(vi) is augmented by one more inequality. The challenge that needs to be addressed is
the design of a certification test, based on which the decision to communicate or not is made.
We first need a scheme that selects a valid approximation of ∇fγi (vki ), denoted as gki . We know that any point
lying in the interior of the set Gˆi(vki ) is a potential candidate. A reasonable guess for a ‘good’ gki would be to
identify the hyperplane that is closest to fγi at v, namely to find the index
j∗ = argmax
j∈Ji
{
fγi (zi,j) + 〈∇fγi (zi,j), vki − zi,j〉
}
, (17)
expecting that the gradient of the envelope won’t have changed much if the points zi,j∗ and vki are close to each
other. If ∇fγ(zi,j∗) ∈ Gˆi(vki ), then gki = ∇fγ(zi,j∗), otherwise the projection of ∇fγ(zi,j∗) onto Gˆi(vki ) is taken.
The latter is achieved by solving the quadratically constrained quadratic program (QCQP)
minimize ‖gi −∇fγi (zi,j∗)‖2
subject to gi ∈ Gˆi(vki ; zi,j), j = 1, . . . ,Ji ,
(18)
with variable gi ∈ Rni .
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Consequently, we need to decide whether the resulting gki checks out as a valid gradient estimate. In order to do
so, we propose a heuristic test based on the progress of the ADMM residual. The residual is defined with respect
to the consensus condition x = y, i.e., sk = ‖xk − yk‖, and the communication test reads:
T (sk, sk+1) := sk − sk+1 < 0 . (19)
Monotonic decrease of the residual is neither a necessary nor a sufficient condition for the convergence of ADMM.
It can be used, nevertheless, as a certification test for assessing the validity of the approximate proximal minimizer.
More specifically, any guess for ∇fi(vki ) denoted by gki will give rise to an approximate minimizer yˆk+1i =
vki − γgki . This minimizer is used, in turn, to compute the residual sk+1i = xk+1i − yˆk+1i . After performing these
updates for all the agents, inequality (19) is checked. If it holds, no communication is necessary, while in the
opposite case all the agents need to communicate.
The rational behind checking inequality (19) is to assess whether any progress has been made with regard to
reaching agreement between the solutions. If not, there is an indication that (some of) the approximate optimizers
yˆk+1i were not ‘in the right direction’, thereby it is better to correct via communication. In addition, the test can
be performed at the coordinator’s level with no extra knowledge about the agents.
Putting together the results of the preceding sections, we describe below the reduced communication scheme that
solves problem (1).
Algorithm 1 Distributed Optimization with Estimated Proximal Operator
Require: x0i ∈ Rni , Gi = ∅, i = 1, . . . , N , constant ρ > 0. Iteration counter is set to k = 0, kstop > 0.
1: while k < kstop do
2: Compute xk+1 from (15) . Coordinator
3: Compute vk = x˜k+1 + (1/ρ)λk . Coordinator
4: Solve (18) i = 1, . . . , N to get gk . Coordinator
5: Compute yk+1 = vk − (1/ρ)gk . Coordinator
6: Compute λk+1 from (15) . Coordinator
7: Compute sk+1 = ‖xk+1 − yk+1‖ . Coordinator
8: if T (sk, sk+1) < 0 then
9: Transmit vki to Agent i, i = 1, . . . , N . Coordinator
10: Compute yk+1i from (15) . Agent i
11: Compute λk+1i from (15) . Agent i
12: Transmit (yk+1i , λ
k+1
i ) to the Coordinator . Agent i
13: Update sets of query points with zi,j = vki and Gˆi(vi) = Gˆi(vi) ∩ Gˆi(vi; zi,j) with ∇fγi (vki ) = ρ(vki −
yk+1i ), i = 1, . . . , N . Coordinator
14: end if
15: end while
16: k ← k + 1
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Remark 2: The test devised in (18) is by no means the only way to find an approximate gradient. As a matter of
fact, it is proposed in [3] to use the Chebyshev center of the set Gi(vi) as the gradient estimate. The latter would,
however, result in a semidefinite program (SDP), which is generally more expensive to solve that the proposed
QCQP.
Remark 3: In the way Algorithm 1 is written, if the test is not passed, all the agents will communicate (Line 8).
One could, however, design different communication schemes. For example, the coordinator could start transmitting
to the agents sequentially until the test is passed. Indeed, any subset of agents could be selected based on some
specified criterion, as long as the test is passed. We deliberately avoided to comment on these potential formulations
for the sake of brevity.
VII. CONVERGENCE
In this section we give conditions that ensure convergence of the scheme described by Algorithm 1. The
analysis comprises two steps: We first cast Algorithm 1 as an ADMM iteration with additive error in its y-update.
Consequently, we employ known results from inexact fixed point iteration theory to give conditions for convergence
of that ‘ADMM iteration with errors’.
For analysis purposes, we are going to express ADMM as a Douglas-Rachford (DR) iteration of the dual variables
λ. The equivalence of the two algorithms can be found in, e.g., [12], while a detailed derivation of ADMM from
DR is given in the lecure notes [13]. By using standard conjugate duality, we can rewrite (1) as
minimize H(λ) + F (λ) , (20)
where λ is the dual variable in (15), H(λ) := h?(−λ) and F (λ) := ∑Ni=1 f?i (λi). Applying the ADMM
iteration (15) to solve (1) is equivalent to applying the following DR iteration to problem (20):
rk+1 = prox ρH(2λ
k − zk)
zk+1 = zk + ηk(rk+1 − λk)
λk+1 = prox ρF (z
k+1) , (21)
where
prox ρF (z
k+1) := (prox ρf∗1 (z
k+1
1 ), . . . ,prox ρf∗N (z
k+1
N )).
We will now illustrate that the approximate minimizer yk+1i of (15) can be expressed as the solution of a proximal
minimization problem with some additive error. Let us first express the approximate iteration yˆk+1i = v
k
i − γgki as
an inexact solution to a proximal minimization problem. To this end, we introduce the error sequence
{ek} = {gk −∇fγ(vk)} , (22)
with ∇fγ(vk) = (∇fγ1 (vk1 ), . . . ,∇fγN (vkN )). Using (22), the following result holds:
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Proposition 6: Algorithm 1 can be expressed as the inexact DR iteration
rk+1 = prox ρH(2λ
k − zk)
zk+1 = zk + ηk(rk+1 − λk)
λk+1 = prox ρF (z
k+1) + ek , (23)
with ek defined in (22).
Proof 5: The proof is deferred to Appendix D.
Capitalizing on this result, the inexact DR iteration (23) can be analyzed in the more general context of inexact
fixed point iterations, analyzed in detail in [14, Section 5.2]. To this end, the iteration can be written in the more
compact notation
zk+1 = zk + ηk(Tzk + ζk − zk) , (24)
by introducing the operator
T =
1
2
(refl ρH refl ρF + I) ,
with T : Rn 7→ Rn and
ζk =
1
2
(
refl ρH
(
refl ρF (z
k) + 2ek
)
+ zk
)− Tzk . (25)
With iteration (24) in place, we are ready to give conditions for the convergence of the DR iteration (23) and,
consequently, of Algorithm 1.
Theorem 2: [15, Theorem 2] The multiplier sequence {λk} generated from Algorithm 1 will converge to an
optimizer of (20) provided that
∑∞
k=1 η
k‖ek‖ <∞ and ∑∞k=1 ηk(2− ηk) =∞.
Remark 4: The sequence {‖ek‖} is bounded since ‖ek‖ ≤ N max
1≤i≤N
‖gki −∇fγi (vki )‖. Since condition (19) will be
enforcing communication until feasibility is achieved, more query points will be generated and lim
j→∞
⋂
j∈Ji Gˆi(vi; zi,j) =
{∇fγi (vi)}. Since we do not know anything about the rate of convergence, we need to resort to a generic sequence
{ηk} that would enforce convergence, e.g., ηk = 1/(k2‖ek‖). The quantity ‖ek‖ can be (over-)approximated by
taking, e.g., the smallest ellipsoid of the ones that are intersected and compute its diameter.
Remark 5: The convergence result presented above is only useful for analysis purposes, since in practice we
would not use a diminishing stepsize which typically results in very slow convergence.
VIII. APPLICATION: OPTIMAL EXCHANGE
We consider the problem of cooperative tracking of a reference signal from a population of buildings. The specific
problem of interest, first introduced in [16], is that of the so-called dispatchability of distribution feeders where
the main target is to achieve virtually perfect dispatchability of a set of devices consisting of uncontrollable loads
and distributed generation. The idea comprises two stages, namely a day-ahead prediction of a dispatch plan and
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real-time operation, broken further into a high-level and a faster low-level controller, both model-based. Our interest
is to solve the high-level Model Predictive Control (MPC) problem that takes the form
minimize
N∑
i=1
f cbi (p
cb
i , ui, xi)
subject to
T∑
t=1
N∑
i=1
(pcbi (t)− pˆcbi (t)) = r(t) .
(26)
The variable pcbi (t) refers to the total amount (electrical equivalent) of the thermal consumption of the i
th con-
trollable building (CB) at time instant t, where i = 1, . . . , N , and pcbi = (p
cb
i (0), . . . , p
cb
i (T − 1)) ∈ RT ,
pcb = (pcb1 , . . . , p
cb
N ) ∈ RNT . The reference power profile is denoted by r(t), while time spans from t = 0, . . . , T−1,
i.e., we have a T -timesteps ahead prediction of the power profile. The buildings can participate in the ancillary
service market by increasing or decreasing their consumption with respect to some baseline power profile pˆcbi .
Finally, the equality constraint enforces that the total power contribution equates the reference power profile. The
individual components fi(pcbi , ui, xi) are local performance criteria coupled with implicit descriptions of convex
sets, constructed by the intersection of linear equations (agent dynamics) and constraints, details that are hidden
from the global node. More details are given below.
A. Modeling of the agents
The microgrid comprises small and medium office buildings, generated by the OpenBuild software [17]. The
buildings are described as linear dynamical systems, the input to which is the thermal heat (kW ) that is entering or
leaving each zone, while the output is the temperature at each zone (◦C). The energy conversion systems (electrical
to thermal) are modeled as a static map, which is represented by a constant coefficient of performance (COP). An
individual building seeks to contribute to the tracking objective while respecting temperature as well as operational
constraints. An instance of a local optimization problem for building i is
fi(p
cb
i , ui, xi) = w
T−1∑
t=0
max
{
ci(t)(p
cb
i (t)− pˆcbi (t)),
0.5ci(t)(p
cb
i (t)− pˆcbi (t)),
− 0.5ci(t)(pcbi (t) + 3pˆcbi (t))
}
+ δ((pcbi , ui, xi) | Cbuild) , (27)
Cbuild =

xi(t+ 1) = Aixi(t) +Biui(t)
xi(0) = x
init
i
pcbi (t) =
∑Mi
j=1 uij(t)
Cixi(t) ∈ Xi(t)
‖ui(t)‖∞ ≤ umaxi

,
with xi ∈ RniT , ui = {uij}Mij=1 ∈ RMiT , where xi(t) are states and Mi is the number of zones of the building. The
term w > 0 weighs the local objective versus the global tracking cost. The linear mapping of the states Cixi(t)
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Simulation characteristics
Data 1st January 2013
Location Lausanne
Time 00:00 - 23:00
Sampling time 60 min
Horizon 24 −
Dimension Zi 96 −
Buildings
Desired temperature 20 ◦C
Minimum temperature (day/night) 18/15 ◦C
Maximum temperature (day/night) 22/25 ◦C
Tariff (day/night) 21.6/12.7 13.15/8.3 ct./kWh
Heat pump COP 3.0 −
Small Medium
Number of systems 28 22 #
Area 511 4982 m2
Number of states 15 54 −
Number of inputs 5 18 −
Average thermal consumption 4 40 W/m2
TABLE I: Micro-grid case study overview
corresponds to zone temperatures that are confined within desired limits. In addition to feasibility, the buildings
have certain preferences when it comes to tracking a given power profile. When the profile causes the total power
consumption to exceed some threshold, the cost of electricity increases, while when the total power consumption
drops below some threshold the ambient temperature might become discomforting (although tolerable) for the
residents. This discontent is expressed in (27) by the piecewise affine function expressed by the max term in the
objective. The data ci(t) is the associated electricity cost for bulding i at time t and pˆcbi is the expected baseline
consumption, the deviation from which is penalized or subsidized.
Instead of carrying the full building description as in Cbuild, which would result in a high-dimensional optimization
problem, the authors in [18] propose a low-dimensional modeling abstraction of the building as a ‘thermal battery’.
A robust optimization problem is solved to ensure that the trackable power profiles pcbi (t) =
∑Mi
j=1 uij(t) ∈ RT
for building i reside inside a convex set, namely Zi, and satisfy the constraints imposed in (27).
July 10, 2018 DRAFT
JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 16
Using the aforementioned abstraction, the optimization problem associated to building i becomes
fi(p
cb
i ) = w
T−1∑
t=0
max
{
ci(t)(p
cb
i (t)− pˆcbi (t)),
0.5ci(t)(p
cb
i (t)− pˆcbi (t)),
− 0.5ci(t)(pcbi (t) + 3pˆcbi (t))
}
+ δ(pcbi | Zi) , (28)
As a final step, we perform the simple reformulation suggested in [1, Section 7.3.2], and the dispatchability
problem (26) reduces to the optimal exchange problem given below.
zk+1i = argmin
zi
{
fi(zi)− 〈zi, λk〉+ ρ2‖zi − (zki − z¯k)‖22
}
,
i = 1, . . . , N + 1
λk+1 = λk + ρ(z¯k+1 − r/N) ,
(29)
where we have denoted zi = pcbi , i = 1, . . . , N , zN+1 = p
bess, fi = f cbi , i = 1, . . . , N , fN+1 = f
bess while
z¯ = 1N+1
∑N+1
i=1 zi.
We can now solve (26) with fi given by (28) using Algorithm 1.
B. Simulation setup
Our purpose is to assign one-hour reference tracking to a population that consists of agents described in the
previous section. We consider N = 50 buildings, different electricity tariffs that vary according to the time of the
day as well as the size of the load. The tracking term w in (28) is set to 0.05 in order to prioritize tracking over
the agents’ local objectives. Other details associated to the simulation are given in Table I.
We solve problem (28) using ADMM (15), which simplifies to (29) for ηk = η = 1 with ρ = 20. A comparison is
performed between the exact solution of the problem instance, and the proposed reduced communication approach
presented in Algorithm 1.
The proximal minimization problems are solved in MATLAB using the YALMIP optimizer [19] with the Gurobi
solver. For demonstration purposes, the termination condition measures the distance between the iterate and the
optimizer, namely ‖zk−z∗‖/‖z∗‖ ≤ 10−3. In a practical implementation an optimizer is, of course, unknown. The
algorithm would terminate by means of a communication test, namely, all the agents would be communicated at
some algorithmic iteration and the distance to the actual proximal minimizers would be measured. The termination
condition could be designed based on the aforementioned distance.
Figure 3 depicts the number of iterations versus the number of communication rounds for the residual being
computed as ‖zk−z∗‖/‖z∗‖. We observe that Algorithm 1 achieves approximately 46% reduction in communication
in comparison to the regular ADMM implementation. The number of iterations is, as expected, increased (from
160 to 247).
The tracking quality of the mix is depicted in Figure 4. The small buildings’ contribution is colored in pink,
while that of the medium scale buildings in blue. The reference signal in red has been normalized with respect to
the baseline.
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Optimal Exchange
Estimate Exact
Hyperplanes M 1 5 10 all -
# iterations 358 256 254 247 160
Communications (per agent) 163 92 92 87 160
# constraints (per agent) 1 5 10 87 -
Average computation time (per agent) ∼ 1s ∼ 1s ∼ 1s ∼ 7s -
TABLE II: Numerical comparison among limited-memory and full-memory versions of Algorithm 1.
The fact that 87 communication rounds were needed to reach the desired accuracy, as depicted in Figure 3,
translates into solving a QCQP given by equation (18) with 87 quadratic constraints per agent. This results in some
considerable computational effort. Inspired by cutting plane methods with discarded hyperplanes (see [20], [10,
Section 5.3.2]), we perform a similar technique in a heuristic sense, where we only keep a fixed number (M ) of
generated query points zi,j for each agent i, where now j resides in a subset of J . We keep a fixed number of
the latest generated gradients ∇fγi (zi,j), i = 1, . . . , N , arguing that the most recently-generated points give rise
to a better (local) polyhedral approximation of fγi around the current point v
k
i , and subsequently solve (18). The
results are summarized in Table II, where the performance of the (limited-memory) algorithm is compared to the
full-memory instance for several choices of M . It is observed that even a small number of recent query points is
sufficient to achieve that same performance as keeping all the points (M = 5, 10 in the table). When the number
of query points is decreased significantly (M = 1), the number of iterations needed for convergence is increased
considerably, leading to an increase in the number of communication rounds. Finally, the average solve time for the
problem (18) is stated in the last row of the table. The benefit of using a limited-memory approach is evident. It is
also observed that there is no significant difference when the number of generated points is small (M = 1, 5, 10).
The reason is that the bulk of the computation time is attributed to the parsing phase, while the solve time itself is
negligible. This observation advocates for the use of a small, but yet adequate, number of points in the formulation.
To sum up, it is observed that when the proximal solution is estimated, the communication rounds are significantly
reduced, by more than 46%. This reduction is accompanied by an increase in the number of iterations needed
for convergence. The cause for this increase can be attributed to the excursions that the trajectory takes, most
probably caused by the erroneous optimizers that are selected in the early iterations. We also see that limited-
memory approaches that originate from discarding query points perform very well in practice, and cause an almost
negligible deterioration in the performance.
IX. CONCLUSION
Modern multi-agent setups consist of several heterogeneous components equipped with prediction and control
algorithms, that attribute to them some decision making capacity. These attributes ask for distributed solutions which
come with an inherent communication overhead. We propose a framework where the communication requests are
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Fig. 4: Tracking of a reference by a mix of small (pink) and medium scale (blue) buildings.
reduced by enabling the central coordinator to gradually ‘learn’ the optimization model of the agents and triggers
them based on the result of a predesigned certification test.
A future goal is to generalize the scheme to decentralized settings, for instance, to wireless sensor networks where
only one-hop communication is allowable. Such networks are characterized by high energy consumption related to
communication, often several orders of magnitude greater than the energy required for local computations [21]. As
a result, our proposed approach could become of practical relevance.
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APPENDIX A
PROOF OF PROPOSITION 2
Without loss of generality we derive the analysis for the query point z1 to be consistent with Figure 1.
1) We need to show that ∇fγ(v) ∈ ∂∗(v)fγ(v; z1). Employing Definition 1, we start by showing that
f
γ
(z; z1) ≥ fγ(v; z1) + 〈∇fγ(v), z − v〉 − ∗(v; z1), ∀z ∈ Rn .
We will proceed and prove the statement by contradiction. Suppose that ∃ z ∈ Rn, such that
f
γ
(z; z1) < f
γ
(v; z1) + 〈∇fγ(v), z − v〉 − ∗(v; z1)
holds. From the definition of ∗(v; z1) (equation (7)), the above inequality is equivalent to:
f
γ
(z; z1) < 〈∇fγ(v), z − v〉+ fγ(v) .
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From convexity of fγ , it holds that fγ(v) + 〈∇fγ(v), z − v〉 ≤ fγ(z), ∀z ∈ Rn, therefore we conclude that
∃ z ∈ Rn such that
f
γ
(z; z1) < f
γ(z) ,
which leads to a contradiction. Consequently, ∇fγ(v) ∈ ∂∗(v;z1)f
γ
(v; z1).
2) The property follows directly from the fact that f
γ
(z; z1) is real-valued, along with [10, Proposition 6.7.1].
APPENDIX B
PROOF OF PROPOSITION 5
All we need in order to prove the statement is a function f for which ∗(v; z1) results in a tight bound. Let us
assume that f(x) is an indicator function of some convex set X and thus given by f(x) = δ(x | X ). Let us also
assume that the set (10) associated to ∗(v; z1) is not the smallest, i.e., ∃  > 0 such that  = fγ(v; z1)−fγ(v)−α
for some α > 0, and that ∇fγ(v) ∈ ∂fγ(v; z1), or
f
γ
(z; z1) ≥ fγ(v; z1) + 〈∇fγ(v), z − v〉 − , ∀z ∈ Rn .
Substituting  from above, we have that
f
γ
(z; z1) ≥ fγ(v) + 〈∇fγ(v), z − v〉+ α, ∀z ∈ Rn . (30)
For z = z1, equation (30) reads
fγ(z1) ≥ fγ(v) + 〈∇fγ(v), z1 − v〉+ α .
If z1 ∈ X , i.e., z1 ∈ dom(f), it holds ∀v ∈ X that fγ(z1) = fγ(v) = 0 and ∇fγ(v) = 0. Consequently, the
previous inequality results in α ≤ 0, which leads to a contradiction. Therefore, there exists no set ∂fγ(v; z1)
smaller than G(v; z1) that contains ∇fγ(v).
APPENDIX C
PROOF OF THEOREM 1
We need to compute explicitly the -subdifferential sets of both f
γ
(v) and f
γ
(v; z1) and subsequently perform
the comparison. We will need the following result from [11]:
Lemma 1: [11, Theorem 16.5] The conjugate of f
γ
(z | J ) is given by
(f
γ
)?(g | J ) = (conv{fγ(z; zj) | j ∈ J })? = sup
j∈J
{(fγ)?(g; zj)}.
• Let us fix the distance of fγ(v) from the quadratic upper bounds as demonstrated in Figure 2. The ∗(v; zj)-
subdifferential sets for f
γ
(v; zj), j ∈ J are:
∂∗(v;zj)f
γ
(v; zj) =
{
g | (fγv)?(g; zj) ≤ ∗(v; zj)
}
=
{
g | (fγ)?(g; zj) + fγ(v; zj)
− 〈v, g〉 ≤ ∗(v; zj)
}
, (31)
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where we used relation (9) in the first equality and (8) in the second.
• For f
γ
(v):
∂∗(v|J )f
γ
(v | J ) =
{
g | (fγv)?(g | J ) ≤ ∗(v | J )
}
=
{
g | (fγ)?(g | J ) + fγ(v | J )
− 〈v, g〉 ≤ ∗(v | J )
}
=
{
g | (sup
j∈J
{(fγ)?(g; zj)}+ fγ(v | J )
− 〈v, g〉 ≤ ∗(v | J )
}
,
(32)
where we used relation (9) in the first equality, (8) in the second, and Lemma 1 in the third.
Equation (32) holds for each (f
γ
)?(g; zj) individually since it holds for the pointwise supremum. In addition, it
is evident from Figure 2 that ∗(v | J ), expressing the distance of fγ(v | J ) from the Moreau envelope fγ(v),
can be expressed with respect to any of the distances ∗(v; zj), reduced by a factor of f
γ
(v; zj) − fγ(v | J ).
Equation (32) thus ends up reading
∂∗(v|J )f
γ
(v | J ) =
{
g | (fγ)?(g; zj) + fγ(v; zj)
− 〈v, g〉 ≤ ∗(v; zj), ∀j ∈ J
}
,
so ∂∗(v|J )f
γ
(v | J ) = ⋂j∈J ∂∗(v;zj)fγ(v; zj) from (31).
APPENDIX D
PROOF OF PROPOSITION 6
We start by analyzing the ADMM iterations in (15). The proximal and dual iterations can be, respectively,
expressed as
yˆk+1i = v
k
i − γgki
= vki − γ∇fγi (vki )− γeki
= prox 1
ρ fi
(vki )︸ ︷︷ ︸
yk+1i
−(1/ρ)eki
λˆk+1i = λ
k
i + ρ(x˜
k+1
i − yˆk+1i )
= λki + ρ(x˜
k+1
i − yk+1i )︸ ︷︷ ︸
λk+1i
+eki . (33)
Let us introduce the variable µki := λ
k
i + ρx˜
k+1
i and write the dual update as
λk+1i = µ
k
i − ρprox 1ρ fi(v
k
i )
= µki − ρprox 1ρ fi(µ
k
i /ρ) , (34)
where the second equality follows from (16).
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We still need to express the error in (33) with respect to the functions appearing in (21). The Moreau identity is
a useful Lemma that associates a convex function with its conjugate and is given below.
Lemma 2: Let f : Rn 7→ R ∪ {+∞} be a closed proper convex function. Then for any x ∈ Rn
prox ρf∗(x) + ρprox f/ρ(x/ρ) = x, ∀ 0 < ρ < +∞ .
Using Lemma 2 in (34), it directly follows that that λk+1i = prox ρf?i (λ
k
i +ρx˜
k+1
i ). Substituting in (33), we finally
get that
λˆk+1i = prox ρf?i (λ
k
i + ρx˜
k+1
i ) + e
k
i . (35)
It follows from the definition of F (λ) and (35) that Algorithm 1 can be equivalently cast as the inexact DR iteration
provided that zk+1 = λk + ρx˜k+1. The proof of this last point follows directly from the slides [13, Lecture 13].
By switching the second and third updates, the DR iteration (21) can be written as
rk+1 = prox ρH(2λ
k − zk)
λk+1 = prox ρF (z
k + η(rk+1 − λk))
zk+1 = zk + η(rk+1 − λk) . (36)
By introducing the variable w = z − λ, the iteration above can be cast as
rk+1 = prox ρH(λ
k − wk)
λk+1 = prox ρF (λ
k + wk + η(rk+1 − λk))
wk+1 = wk + λk + η(rk+1 − λk) .
It is shown in the slides that the x-update of the ADMM algorithm (15) can be expressed as xk+1 = 1ρ (r
k+1 +
wk − λk). Similarly, the y-update of the algorithm can be written as yk+1 = 1ρwk. Putting these two together, we
have that
x˜k+1 = ηxk+1 + (1− η)yk
= η
1
ρ
(rk+1 + wk − λk) + (1− η)1
ρ
wk .
Then λk + ρx˜k+1 = λk + wk + η(rk+1 − λk), which is the z-update given in (36) after substituting z = w + λ.
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